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PREFACE 


This book is written to meet the requirements of the B.A. 
and B.Sc. students of Indian Universities. Attempt has been 
made to make the subject easy and understandable to the 
average student. Expansion of fundamental principles is 
made clear and concise, and unnecessary details have been 
avoided. At the same time the treatment is rigorous and 
up-to-date. 

The number of examples is fairly large, and care has 
been taken to include all varieties of questions. They have 
been taken mostly from examination -papers so that the 
student may be familiar with the types of questions which are 
usually set at the examinations. Some typical examples have 
been solved by way of illustrating the principles. 

We are grateful to our teacher Dr. Gorakh Prasad, 
D.Sc., of the University of Allahabad, for his valuable advice 
and keen interest in the preparation of this book. 

Corrections and suggestions will be thankfully received. 

R. S. VARMA 
January, 1951 K. S. SHUKLA 


PREFACE TO THE SEVENTH EDITION 


In preparing this edition, we have taken the opportunity 
of reading the book and verifying the questions once again. 
Various additions and modifications made here and there 
will, it is hoped, add to the usefulness of the book. A list 
of trigonometrical formulae has been given in the beginning 
of the book for ready reference to them. Special care has 
been taken to make the book free from errors. : 


May, 1969 AUTHORS 
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TRIGONOMETRICAL FORMULAE 
1 1. 7-3:14159 
l radian —57:2957795 ... degrees 
—3438 minutes approx. 
— 9206265 seconds approx. 
2. sin?0-rFcos?0—1 
sec? 0—1--tan? 0 
cosec? à =1-cot? 0. 


3. (i) 
n I 
10-50] 15° ig |, OR 36°. 
NGAGE AL YARD 
sin 8 | O ETC N n | 2 7 
cosg 1 VERVA 02v | V3] 541 
Na 4 4 9 4 
5 75-1 |] |4/(10—24/5) 
tanó| 0 |2—4/3 Jü00425) | 3 SKI 
S O et oes RENS DUI 
T (it) 
—————Ó——— M—MÓ—MÓÓÓ———ÁÁÉÁÉ€€ rk k ' e/””)”))9?9?#@g 
0-54? 60? 799 De 90° 
sin @ v3 +1 M3 v (102-2475) V6 4/2 1 
4 2 4 2 
cos 0 vU 0—24/5) Es M -1 V6—V/2 0 
4 2 4 4 
ss 5) i 
: (10-275) v NGI 
An 


ee ee ee  MMMM 
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Sea: m ; 


ii TRIGONOMETRICAL FORMULAE 
4. sin(—0)- —sin 6, cos (—6) — cos 6. n 
sin (90? —0) — cos 6, cos (90? —0) =sin 6. i 
sin (90? 4-0) = cos 6, cos (90? 4-0) = —sin 0. 
| sin (180? —8) «sin 6, cos (180°—6) = — cos 9. 
| sin(1809--8) = —sin 0, cos (180°-+6) —cos 0. 
| sine (+) sine (+) 
| cosine (—) cosine (+) 
| sine (—) sine (—) 
cosine (—). cosine (++) N 
5. Ifsin #-sin a, then 0=n7+(—1)*a; 
ifcos 0—cos a, then 0 =2nr +a; 
iftan 0 — tan a, then 0 «mr +4; 
n being zero or any integer, positive or negative. 
6. sin (af) =sin a cos B-Lcos a sin B. 
cos (a+8) =cos a cos PFsin a sin B. 
lg _ tan a-ktan B | 
d | tan (48) — rta atan p. | 
v1 Ee 
jd . cota cot p+] | 
T cot (4:5) = cot B-Ecot a ' | 
i | i 7. sin A--sinB-2 sind LA co A zB i n 
| 5 " A+B . A—B 
| i sin.A—sin B-2cos—,—sin ~p~: 
Hi cos Á cos B=2 ae +8 cos a 
4 cos A- cos B= —2 diss = sin Ha? 
D. 4 
1 Conversel y— 


sin a cos B [sin (a+) +sin («—8)] 
cos a sin B — [sin (a-I-B) —sin (a—f)] 

; cos a COS B=4[cos (a+8)+cos (4--)] 

| sin a sin B= —4[cos (a +f) —cos (e—8)] 


| 
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TRIGONOMETRICAL FORMULAE HE 
$ : : 2 tan 0 
3 8. sin 20—2 sin 0cos 6 = tant) 
cos 20 — cos? 0 —sin? 0 =2 cos? 0—1 =1—2 sin? 9 
| m tan? 0 
“itan? 8 
9 20— 
tan20 = ER , cot g= e> 8 IN 
—tan?0 2 cot9 
Also 
sin? 6=4(1 —cos 20) 
= cos? 0 =4(1-Fcos 20). 


9. sin 30—3 sin 0—4 sin? 0. 
cos 30 =4 cos? 0 —3 cos 0. 
3tan 0—tan? 6 
ERU ERE EU 
nG, tan 0—"Cg tan? 0-1... 


] —^C, tan? 0-H... 


10. tanzü- 


9-9 55 — 
tan (0, 4-0, -... 60) = 4 at b 
| l —s2 7S4 — 
| where ur denotes the sum of the products of tan 6,, tan 4, 
Ht tan 95, ..., tan 9, taken r at a time. 
` 11. logexy=loge x-+-logey 


lors (0b) loger loge 
loge aY =p loge x. 


l _ logy 
08x) “jog x" 
log 1-0, log 0=— 09, log 00 = 0. 
Also 
@-1,6 20,0220. 
ap 12. Ifa, b, c be the sides, A, B, C the opposite. angles, A 


the area, R, v, rj the radii of the circumscribed circle, 
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iv TRIGONOMETRICAL FORMULAE 


inscribed circle and escribed circle opposite A, of any 


triangle ABC, and a+b+c=2s, then p 
NT b c | 
O Ad c Gi | 


no _ PIER 
(ii) cos A= "aa 


b cos C-+¢ cos B=a. 


(iii) sing - (Ae (5-0) k ), cos o JE 


(s—b) (s—e) e 
enm Ie ncm 


sin A = Py a) (s—b) (s j= 24. 


(iv) A=$bcesin A=4casin B 2 ab sin C 


=V 56-9. 


om b c abc 

^ 2sn4A 2sinB 2sinG 4A’ 

NA o Al o ME o 

fpem 7 =4 Rsin 5 Sin g 5in 5 | 
A 1 

=(s—a) tan = 9 = (6-0) tan = (6-0) an. 4 


NEA aur. JE NG 
face sin 5 cos 70055 =s tan 2: 


13. sin-ix-Fcos-ix— i. 
tan-! x-Ecot^! x — Jm. 


tan-!x—tan^!y-tan"! = 
] -Hx Xy 
cot-!x—cot-!y— Go m ELA 
m 
14. (cos 0-17 sin 0)? = cos R sin nd, E 


where n is any rational number, positive or negative. 
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TRIGONOMETRICAL FORMULAE 
65 85 pina 
SENTIS 4 1-1 
gece mn 
| cos 9-1 dahi Toi = 
| To TA Sie . Qn—2) TY 
tan 02043034 2.054 367+... 
61. 7-61 et 
16. sng= , cos 9—* 
21 
e8t — cos di sin 0, e~9*=cos 0—i sin 6. 


SS 


15.F sin 0-20 


eti 
9 > 


x 17. loge(x--iy) =logey (x? 5?) +i tan-1( yix). 
Loge(x--ip) = 2nzi -Hlog(x 4-2). 
uW — e? Log, V. 
03 05 
18. (i) sinh 9- Otat 5p 


c8 —e 8 
= oi 


F 62 64 
cosh 9-1 BIGTI + a 
meer cmo 
xr 
(ii) e8 — cosh #-sinh 6, 
g9 =cosh 0—sinh 0. 
(iii) sinh( —0) = —sinh 6, 
cosh(—0) =cosh 6. 
(iv) sin (28) =ù sinh 0 sinh (#0) -isin9 
cos(20) = cosh 0 cosh (10) COS 0 
tan (i0) =i tanh 6. tanh (8) =i tan 9. 
(v) cosh? 8—sinh? 0-1 
As tanh? 0-Esech? 0-1 
coth? 0 —cosech? 0 — 1. 
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vi TRIGONOMETRICAL FORMULAE 3 | 


12 (vi) sinh (uv) =sinh u cosh v--cosh u sinh v. 

ji cosh (u-v) =cosh u cosh »-Esinh u sinh v. 

i tanh u-Ltanh v | 
| tanh (u-Ev) = pecsacice N 

| (Wee) 1 45tanh u tanh v 
coth u coth v4 1 
coth v&coth u ` 


coth (wv) = 


| d ‘ u-u u—v 
| (vil) smh #-Esinh 7-2 sinh =g 60s dns 
| l 
I 
Idae : xU cU 
| sinh #--sinh v=2 cosh "sinh Nor: e 
l E 
pal! E 


u--v u—v 
cosh u-|-cosh v=2 cosh => cosh —-. 


cosh u—cosh v = 2 sinh ^ = sinh ER | 
Conversely 
: sinh u cosh 0-3 [sinh (4-0) -Esinh (u —2)] 
cosh # sinh v= 3 [sinh (u-Lv) —sinh (u—2)] 
cosh u cosh v — 3 [cosh (u--») +-cosh (u—v)] 
sinh # sinh v= 3 [cosh (u-v) —cosh 1 (u—v)] 
(viii) sinh 20 —2 sinh 0 cosh 0 j 
cosh 20 = cosh? 0 --sinh? 0 =2cosh20—1 —9 sinh*--1. n 
Also 
sinh? 0—4 (cosh 20—1) | 
cosh? 9-3 (cosh 20-1). 
(ix) sinh x —log [x--A/(x?4-1 )] 
“cosh? x= log [x--/(32—1)] 
l +x 
T 


tanh-1x=4 log pum 


KANA AT SE rid. 


Ts peggio 


19. (i) (2 cos 0)" — [cos n0 NG, cos(n —2)0 
i -E?C; cos(n—4)0-L...], 4 
n being a positive integer. 
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TRIGONOMETRICAL FORMULAE vii 


Gi) (Qisin #)n=2 [cos nÓ—^C, cos (n—2)0 


HC: cos (n—4)0— ... | 
n being an even positive integer. 


-oi]sin n0 —"C, sin (n—2)0 


4NG, sin (—490—... 


n being an odd positive integer. 
20. When nis a positive integer, 
4 sin nô i 
BHO -1. (n9 n-3 
(i) imm (2 cos 0)” (n—2) (2 cos 0) 
dmm = 4) (2 cos 6)n-5— 


(Se (n—r—1)(n—r Labo Ba 


rl 
Gi) 2 cos n0 = (2 cos ka cos 0)n—? 
n 


£ (2 cos 0)n—?r-1-L... 


3) cos 0)n-4— 


REN D ES 


9 
a NG ei) (2cos 8)"—?r 1-... 


pe 


21. (a) When n is an even positive integer 


sin 20 ; n(n? — 23) -s 
=O —nsin0— yg sin 9 
wea | ins 8—... E ( — 1)9/2*1 (9sin 0)n-1; 


sin n9 
sin 0 


2 92 
z(—l) 1 E cos ge 3p ) cos? 0 


Pe cos’ 0 —... + (—1)/2#2(2 cos aja]. 
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TRIGONOMETRICAL FORMULAE 


n? = 2?) 


(ii) cos 19-1 =o - sin? 0-- sinf 0—... 
M on AES) | 
(—1)" a gj oS 0-4 dl cost () —... |. 


(b) When z is an odd positive integer 


4 sin 20 n(n2—1?) . 4, n(n? —1*)(n?—3*) 
(i) Sa we g^ sin 6 5i 


SS el i.e 


sin? 9 


cos? 0 -+ 


—]? (0$ — 1°) EUR 
21 


x cosi Oo, 


cos ng n-]2 
(i) EI sin? 


(n2—12)(02— 3?) . 
0- di sin? 9 


coso . 9] 
= (cay eme, 12) cos210 
pi X cost 9 |: 
S nfs 
tan x= AHE where --182x81. 
eela] 
iis eee TRDE 


(i) sin a -Esin (4-8) -+sin(a-+28) +... to n terms 


_ sin sin (n8/2) .. in E ) 


"sn sin (8/2) ^ 
sin? diff 

2 . (first angle-Hlast angle 
- dif m aj So eee | 
sin-5 
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TRIGONOMETRICAL FORMULAE 


(ï) cos a+cos (a +£) “cos PLAN „to n terms 
sin (2812). 
sin (B/2) ^ zu 2 ni 
sin? diff 
2 first angle --last angle 
ae | D E l 
sin 


2 


y 194. (i) 4*4 —1 2 (43?—1) d pe —2x cos (2ra[n) +1], 


when z is even; 
(n=1)/2 
=(—1) M [x?—2x cos (2rz[n) +1), 
rel 
when z is odd. 
re n[2—1 
Qi) x*-Elo IT [3?—2x cos {(2r-++1)a/n} +1], 
r-0 
when 2 is even; 
zu Ap) Ka "pee cos (2r -I- D)g/n) 4-1]. 


when n is odd. 


n— 
(ii) 429 —2x* cos n8-|-1— TI [3324 cos(0--2rr[n) +1]. 
r=0 


95. (i) sin 00 IT (1— =) 
rel ra" 


(ii) sinh 0— 011 (1 a) 


rel ae 
E 40? 
cosh 6= ee io pl: 
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CHAPTER I 


INVERSE TRIGONOMETRICAL FUNCTIONS 


1:1. Definition. The equation sin 0 =x means 
that x is the sine of the angle 0. We now introduce 
the notation sin™ x (read sine inverse x), and say that 
the relation 

sin! +=6 
means that @ is the angle whose sine is x. Thus 
sin x is an angle. Similarly, we may define cost x 
tan x, cot! x, sect x and cosec x. These are 
called inverse circular functions. 


The student must not confuse sin x with (sin x)7}, 
1 


Ce, ———e 
sin X 


1-11. Principal value of an inverse func- 
tion. It is easy to see that the inverse circular 
functions are many-valued functions. For, as is 
well known, if @ is the least positive angle whose 
sine is x then all angles given by #27-(--1)70 
have their sines equal to x. So we see that 

sin x 2 zr -4-(—1)" 6, 
where n may have any integral value. 


The principal value of an inverse function is that 
value of the inverse function which is numerically 
the smallest. It may be positive or negative. In 
case there are two values, one positive and the 

9T 


s 
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2 INVERSE FUNCTIONS 


other negative, which are numerically equal, the 
principal value is the positive value. 


In this book, unless the contrary is stated, 
any inverse function under consideration should be 
understood to have its principal value. Thus 


sin? (/3[2) sin, cos? (4/3/2) =. 


1:2. Relations between inverse functions. 
We have seen that sin? x-0 means that sin@=x. 
But when sin 0 =x, 


cosec 8 = 1 /x, 
which may be written as 
cosec™ (1/x) — 0. 
It follows that 
sin x = cosec (1/x). 
Similarly, cos Tx- sect (1/x), 
and tan x=cot+ (1x). 
Also, substituting sin 0 for x in sin! x 2 0, we get 
0—sin-1 (sin 0); 
and substituting sin x for 0 in x=sin@, we get 
x=sin (sin x). 
Similarly, 0=cos™ (cos 6)=tan(tan 0), etc. 
and «=cos (cos! x) =tan (tan! x), etc. 
Moreover, when sin 0 —x, 
-cos 0 —4/ (1—x?) and tan 0=x/4/(1—x?). 


Hence 


0 —sin-1 x= cos! 4/(1—2?) = tan e 


SARI 
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ADDITION FORMULAE 3 


We can further show that each one of these is also 
equal to 


These relations may be easily written down by the help 
of a right-angled triangle. For in the triangle ABC, right- 
angled at C, we know that 


: Ayn Ae _BC 
sin CABOS cos ZABG T 
AG 
tan ZLABC- 5G, ctc. 
Thercfore 
3 AC BC AG 
= sing) = = cose l 2N AG : 
ABC —sin ap 7° gp tan BO? etc. (1) 


Suppose that / ABC —sin-! x. Then assuming AC—x and 
AB —]1, so that BC —4/(1 —32), we have from (1) that 


sin“ x= cos-t4/(1 —x*) —tan^i Tan Gs 


x 
Vl) 


Similarly, if / ABG- tan iy, then assuming AC=y and 
BC=1, so that AB—4/(1 3"), we have from (1) that 


1 
mai a NN 
tan” y=sin AK xj COS 71159) etc. 


1'3. Addition formulae. Any relation be- 
tween trigonometrical functions can be expressed 
also by means of the inverse notation. For example, 
we know that 
2 tan 0 

20— ——— —. 
tan 1—tan? 9 
This may be written as 


2 tan 0 


Slang ms 
28—ta ]—tan? 0 
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4 3 INVERSE FUNCTIONS 


If we put tan 0 —x, so that tan"! x — 6, this gives 
2x 


lanx = tan y 
2 tanix-tan^ 7 


This is a particular case of the general formula 
XA 
tan? x+tan7 y= tant [AS = R 
To prove this, suppose that 
tan x 2a, and tant y — B, 
so that tan a —x and tan B=». 
tan tan x 
Then tan (a+) = on eae. o 
I-tanatanp 1-9 
xy 
1—xy 
which gives the above formula on restoring the 
| values of a.and f. 
Similarly, we can show that 


Therefore a--B = tan! 


> 


xy 
l-xy 


tan x—tan- y=tan? 


1:4. Other formulae. The following for- 
mulae may be easily shown to be true: 
(i) sin x-- cos! x= $7, 
(ii) tan! x-Ecot x= $m, 
(ii) sect x--cosect x = $m. 


| 
| To show the first of these, say, let x —sin 9. 
| Then since sin 0— cos (37—0), we have 

| sin x — 0. 

| and cosi x — 1g — 0. 
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| EXAMPLES 5 


M Hence sin x-+cos x = ir. 
| Ex. 1. Show that 3 sin™tx=sin™! (3x —4x3). 
| We know that 
sin 3a =3 sin a—4 sin? a 
If we take sin a=x, we have 


3a —sin^! (3 sin a—4 sin? a), 


or 3 sin“ x «sint (3x —49). 
Ex.2. Prove that 
—b b -a cos x 
NG 2 tan" PEN on d es (Etre) 
> tan WES) tan ta) COS Ca 


[Banaras, 1947; Jammu & Kashmir, 1953] 
Using the formula 


2 
2 tan! y= tan! I 
1-7? 


we have 


2tan! eX) tan 3a) 
= tant (CC) tan rh aa tan? xx) 


= tan? [{24/(a?—b?)sin 4x cos 3«W/(a(cos? 4x—sin? $y) 

a -Fb(cos? 4x-+sin? 33)3] 
| stan! [{y (a? —b?)sin x4(a cos x-+b)]. 
| But {v (a? —5?) sin x)? + (a cos x 4-5)? 
= (à? — 5?) sin? x+ (a? cos? x --2ab cos x -- b?) 
=a?+2ab cos x--b? cos? x 
= (a+b cos x)?. 
| Therefore, on using the formula 
tan"! y=cos + =k ; 

; V 129) 
the above expression is equal to 


1 
x a [bta cos 2) 
x (+ cos x/ 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


[Ee poo o oe 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


6 INVERSE FUNCTIONS 


ALTERNATIVE METHOD. 1 
| 


b 

=2 p a 1 

Put 0=2 tan WC =) tan i. 

Then tan w= J(=) tan dx, | 


which on squaring gives 
sin? 40 — (a —b)sin? tx 
2 


1 
cos*jÓ (a--b)cos* Fx” 


Applying Componendo and Dividendo, we have | 


cos? $0—sin? 30 (a+b)cos? 1x — (a —b)sin? 1x 
cos? 30--sin? 40 (a --b)cos? 3x -- (a —5)sin? dx 
b+acosx 
or cos 0 =— 
a--b cos x 


—b b -a cos x 
Therefore 0 —2 tz NG) an ix )- -1 (22) 
an OW tan 4x COS aa) 


Ex. 3. Solve the equation 


bang IUE ud ee 
ani TE tan mal =tan ux [Agra, 1947] 
Since tan-!jy-rtan"!z—tan"i PAZ 
]l—»z A 
we have 
tan-i l tan! l | 
14-2 14x 
= I l 1 
=tan A o res CONCRA SERO il 
xz Fax l (12-22) (1-E43) 

stan” 3 EASTERN -1 143x 1 
l Bh] E xa)" | 
Hence | 
n are 2 | 
a 1 | 
tan NG -F4x) = tart S | 
; abby 2 4 
1.€., 104x FA me | 
i 
| 
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EXAMPLES 
or x*--333 — 6x -- 832, 
or x(33?— 7x —6) — 0, 
or x(x—3)) (2x72) = 
Therefore x=0, 3, or —$. 


Ex. 4. Solve 
sin! x-Esin 1 y = Za 


cos ! x —cos^1 y — ig. 


[Gauhati, 1950] 
From § 1:4, sin! x 2 4r —cos™! x and sin-1 y— $a —cos-1 y. 


Therefore the given equations may be written as 


c^s1x-L-cos^! y — im. 


cos! x—cos 1 y= 


Adding (1) and (2), we get cos x— 1a. 


pA 
Hence x-1/2, y=1. 
- EXAMPLES 
1. Show that 
(i) 2 sin 7 x «sin (2x4/(1 —2°)}, 
(ii) 2 cos-1 x 2 cost (2x?—1), 
Na 1-2? 
and (iii) 2 tan-1 x— cos! Torn paci 
2. Show that 
(i) 3 cos-1 x — cos? (4x3- 3x), 
3x—x8 
T Bite oeste 7 
and (ii) 3 tan"! x «tan ae 


3. Show that 


(i) sin-* x-sin™ y =sin™ (x(1—959)1/24- yU —2°) 43}, 
(ii) cosi X-[Ecos-t y =cos71 GF (1 -x3)12(] —y?) 7}, 


E1 
Jw 


(ii) cot x-cot y— cot” 


Subtracting (2) from (1), we get cos-1 y—0. Therefore 
1 


2x 


l-Ex? 


[ Utkal, 1950] 
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INVERSE FUNCTIONS 
4. Prove that 


n CES 
l —yz —zx —xy 


tan-!x--tan^! y--tan !z—tan 


5. Show that sin“? ZZ —sin 1 $ sin 1 4f. 
6. Show that tan! $—2tan^ i 3. 
7. Show that 
tan-1 4--tan1 3--tan^! 2 --tan 1 $ = $z. 
8. Prove that 
4tan-i1f-tan !45-Ftan! gy — m. — [Luck., *64, *67] 
9. Solve the CUTE ` 


tan! — —==47. [Calcutta, 1947] 


10. Solve for x :— 
tan-1$ --2 tan 11 tan? $--tan H[x — 27. 
[Agra, 1942: Cal., 1949] 
1l. Solve forx : 


l 
2-4/3 
12. Find the value of 

sin (sin-1 $ --cos"! 1). 
13. Find the tangent of  ' 
3 tan! 1--tan $ --tan 4 —ir. 
14. Show that 
tan (2 tan-! a) 22 tan (tan7!.a@-+tan as). [Cal., 1944] 
15. Ifsec0—cosec 0—$, show that 
0-3 sin 2, 
Solve the following equations : 


3 tan”! 


—tan L= tan” (1/3). 
[Agra, 1943] 


16. ans (x—1) --tan^! x -tan^! (x-1) =tan7! 3x. 


[Gauhati, 51, *53] 


N 1-5? 2x 
-1 Heos l ——— pire 
17. sin = DA te tan [cum 
18. sin[2 cost (cot(2tan-1 x)}]=0. [Agra, 1958] 
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3x—x3 
=7-+2 tan (1—x—x). [Cal., 1944] 
20. Ifcos-! (x/a)-Lcos”! ( y[b) =a, prove that 
xt Qxy nr aa 
Bab 095 arg =sin* a. [Cal., 1943} 


21. Solve the equations 
asini xb cosl y=a 
a ccs 1 x—b sin! y— f. [Cal., 1951] 
22. Ifcos-!x--cos^!y-L-cos iz =r, prove that 
x3-Ey*--z2 --2xyz — 1. [ Travancore, 1959; 
Jammu & Kashmir, 1953] 
23. Iftan !x--tan ! y4-tan ^! z ^7, show that 
KAP -FZ =X. [ Cal., 1940} 
24. Ifsin™ix-+sin™! y-Esin 1 z ^7, show that 
xv (1 —x)4Vü—»)-rev(ü-z)-2xz 
[ Delhi, 1946] 
[Solution. Put sin 1x—4, sin} y=B, and sinx-C. 
Then A+B+C=7. But when A+B+C=7, we have sin 24 
+sin2B+sin2C=4sinAsinBsinC, or sinAcos A+sinB 
cos B+sin C cos C=2 sin A sinB sin C. Hence on substituting 
the values we have the desired result.] 


25. Solve the equation 
3 sin 20 


5 +4 cos 20° 
(Hint. sin! (3 sin 20/(5-1-4 cos 20)) —2 tan”? (tan 6/3), or 

2 tan (3 cot 8). The first value gives tan 9-0, 1, or—2; the 
second value gives only one real value of tan 6, viz. — 1. 
Hence tan 9-0, +1, or —2.] - 

26. Find all the positive integral solutions of 

tan-1x-l-cot! y= tant 3. 
27. Write down the general value of 
sin"! (—1)7 4, 


0—tan^! (2 tan? 0) —3 sin! 


where m is an integer. 
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10 INVERSE FUNCTIONS 


28. Show that 


2b]a-tan {$r +} cos * (alb); --tan (130—143 cos? (a/b)}. 


-3 
[Calcutta, 1948] 
[Hint. Put cos? (a/b) = 0.] 


29. Prove that 


2] \ U2 
cos [tan" {sin (cot712))] = (2:5) : 


30. Prove that 
tan” x—2 tan”: [cosec(tan™! x) —tan(cot™? »)]. 


31. Show that 


3 Co--C 
na tangi J ita pum 1 
J) Ia £96 
= yes! e 
drm a= are .-Ftan n guest ^ Rp 'tan!-, 
(m n 


where 61, Cz; ++) Cn are any quantities whatever. 
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CHAPTER II 
COMPLEX NUMBERS 


21. Complex numbers. A number of the 
form x+, where x and y are real numbers and 
EVA), is called a complex number. A complex 
number is often called an imaginary number, and 
a number of the form iy is called a wholly imag- 
inary number. 

The necessity of complex numbers is most simply 
shown by considering the general quadratic equation 
ax*+bx+c=0, where b?<4ac. Thus if a=1, b=2 
and c— 11, the roots of the quadratic equation are 

Nae ee 10), 
which remain meaningless as long as complex 
numbers are not introduced. We therefore intro- 
duce a number 7 such that ??- —1. The number 
iis assumed to obey all the laws of algebra. We 
can now write the roots of the quadratic equation 
x?+9x+11=0 in the form —1+7+/10. 

If z=x-+-1, x is called the real part of z and 
written as R(z), and y the imaginary part of z and 
written as /(z). 

Two complex numbers z, (2x,--24) and zs 
(=x.+2y) are said to be equal when 

R(z) = R(z;) and I(2) — (23). 

In other words, if x, 4-2y, 43-448, then 

xy =X, and y —J»s- 

Complex numbers are assumed to obey the 

following laws of Algebra :— 
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12 COMPLEX NUMBERS 


1. Addition : 
(23 3-03) + (xs Fiva) = (34-2) H (11772). 
2. Subtraction : 
(45-93) — (#92470) = (3539) Fi 9 —73)- 
3. Multiplication : 
(x1 2-094) (19-1172) = (4140-9192) 4-10 Ys X91). 
4. Division : 
[67] tia). (xq Xo EG Jg) U(X» J1 —X1 2) 
(x23) Xa Ia? 
where in the last case x, and y, must not be 
simultaneously zero. 
The result of division is based on the fact that if 
(3 3-0) [ (a 2-29) — X3 H- Ds. 
then we must have 
(45 Fi) = (%2-+272) (x3 +193). 
Multiplying both sides by x,--iy,, we get 
(x1 4-03) (72-2) = (x +90”) (xg 1-73). 
Using the definition of equality of two com- 
plex numbers which amounts to equating the real 


and imaginary parts on either side we have the 
values of x, and y, as stated above. 


Of the two numbers x-|-iy and x—iy one is said 
to be the conjugate of the other. It is obvious that 
the modulus (see below) of either is the same and 
further that 


3 


(ebb) (ii) i. 
The last property is useful in putting an expres- 
sion of the form l/(a--ib) in the form x--iy. We 
have only to multiply the numerator and the deno-. 


B daa arc, I EI 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


STANDARD FORM 13 


minator of the fraction by the conjugate of the 
denominator. Thus 


l 1 a—ib a—ib 
aib a+ib`a—ib a+b? 
a b 


PF be 
(2—81) (4471) 
(9—67) (—1 +95) 

Multiplying the factors of the numerator and denomina- 
tor separately, we have 

(2—3i) (4+7) __29+2i _ (29-F21)(—59—391) 

(54-67) (~1+9i) —59-F39:1 (—59-+39)(—59—39i) 
— 1633—1249; 1633 1249. 

5002 ~ 5002 5002" 


Ex. Express in the form x-+iy. 


2:2. Reduction of complex numbers to 
the standard form. - A complex number z zx --iy 
can always be put in the form r(cos 0-|-? sin 6). 
For, if 

x-Fiyer(cos 0-1 sin 9), 
then, on equating the real and imaginary parts, we 


have 
x=r cos 0 (1) 
and J-—r sin 6. (2) 
Squaring and adding (1) and (2), we get 
r—/ (8-4). (3) 


By convention r is taken to be the positive square 
root of x?-»?. 
Now from (1) and (2) again, we have 


cos = ETA and sin @= n y (4) 
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| There is always one and only one value of 0 
which satisfies these equations and is such that 


| —m«0x. | 
"Thus r and 0 are determined. | 
Derinition. The number r[= 4-4/(x?4-5?)] is | 
called the modulus of the complex number z =x-++iy 
and is written as 
r=mod z, or r- || 
[read ‘r equal to mod z']; and the angle 0 is called E 
the argument (or amplitude) of the complex number 
2, and is written as 
0 —arg z (or amp 2). 
| It is evident that the argument 0 has an infinite 
|| number of values. That value of 0 which lies in 
d the range —7« 0 < v and satisfies the equation (4) is 
| called the principal value of the argument. When 
we speak of the argument, we mean, unless otherwise 
specified, the principal value of the argument. 


| The student will note that although 9 is equal to tan! y/x 
the principal value of the argument is not necessarily the a 


principal value of tan! (2) as defined in the previous 


chapter. For example, the principal value of the argument | 
in the case of the complex number —1-+i is ĝm, but the | 
principal value of tan”? ( —1) is—4z. | 
If 0 be the principal value of the argument | 
then the general value of the argument is denoted | 
by 0--2kw, where k is any integer, positive or 
negative. 
The standard form r(cos 0--isin 0) is some- 
times called the modulus-amplitude form. 3 


‘The following particular cases of such reduction deserve 
special mention : 
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(i) 1=cos 0?-Ei sin 0°, (ii) —1cos ++i sin 7, 
(ii) i—cosdm-Ei sin 3r, (iv) —i— cos (—17) J-isin( — 1). 
It may be noted that some writers take the principal 


value of the argument to be that angle which lies in the 
range 


0x 0-27. 


Ex. 1. Express—4/3-riin the modulus-amplitude form. ` 
Let --/3-Hi be equal to r(cos 0--isin 0). Equating the 
rcal and imaginary parts, we have 


r cos 9 = —4/3, o6 o o (d 
zsin gale i IO) 
Squaring and adding (1) and (2) we get 


f (—/3)*4-12-4, 


giving nc 
Substituting this value of r in (1) and (2), we get 
cos 0— —4y/3 
and sin 9-1, 
giving £r. 
Hence —/3+i1=2(cos §m -+i sin #7.) 


Ex.2. Put 1+4/(—3) in the standard form. 

Let 1--4/(—3) be equal to r(cos 0--2sin 0). Then, equa- 
ting real and imaginary parts, 

1=rcos 0 and 4/37 sin 0. 

Therefore 7—4/(1?-E(4/3)*) «2; 
and cos 0 — 4, sin 0— 14/3, giving 0 — z[3. 

Hence 1-/((--3) 51 4-473 =2{cos(x/3) Hi sin(z/3)}. 

2:3. Geometrical representation of com- 
plex numbers. A complex number z=«-++z can 
be represented by a point P whose coordinates are 
(x, y) referred to a system of rectangular axes OX 
and OY. The diagram in which the complex 
numbers are thus represented by points is known 
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16 COMPLEX NUMBERS 


1 


as the Argand Diagram*. The axis of x is called the 
real axis and the axis of y the imaginary axis. The 
ength OP is the modulus of y 
z and the angle that OP P(xtiy) 
makes with the positive / 
direction of the x-axis is the 
principal value of the argu- r y 
ment. 
By the afix of the point e ^ 
P is meant the complex "O x 
number z.' 
2.4. Geometrical representation of z;--z;. 
To represent the sum or difference of two complex 
numbers suppose that P, and P, are the points 


| 
$ 
| 
| 
| 


corresponding to: the complex numbers z;( =% -pin) 
and zj(xs--95)- 

*Called after the name of Argand, who first gave this 
method in a tract published in 1806 A.D. 
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If we complete the parallelogram OP, Q4P,, the 
point corresponding to 2,--z, would be Q4, since 
the coordinates of Q , are evidently (43 +2, 24 425). 
Since 0Q:8 OP,+P,Q, 
we get katel s falt kl 
that is, the modulus of the sum of two complex numbers 
is less than or equal to the sum of their moduli. This 
result is true also for more than two complex 
numbers. 


Again if we produce P,O to P',, taking OP’, 
= OP, P', will be the point (--x,, —y,), and so it 
corresponds to the complex number —x,—ipy; 
consequently, the point corresponding to 24--2, 
would be Qa, where OP, QP’ isa parallelogram. 

Since OP, is equal and parallel to Q aP}, there- 
fore O Q ,P,P, is a parallelogram. Hence it follows 
that 

(1) the modulus of z,—z, is equal to the distance 
between the points z and zı; and 

(2) the argument of z,—zs is the angle which the 
line directed from the point z to the point z, makes 
with the positive direction of the real axis. 

Also since P,P,T5OP,-OP,, 
we get ex £2] > Fa] dsl 
that is, the modulus of the difference of two complex 
numbers is greater than or equal to the difference of 
their moduli. 


2:5. Product of any number of complex 
numbers. Consider the case of two complex 
numbers 24( zx, 4-294) and za( =x- ia). 

3T 
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If jalan, Z= and arg(a) —6, arg(Z,) 
=6,, we have 
z=% Hi =r (cos 0; 4-i sin 64), 
and Z3 — X3 +a — rs (cos 054-1 sin 95). 
Hence 
1g 21472(C0s 0, -+7 sin 04) (cos 9,-Hi sin 05) 
—nyrofcos(0, 4-05) +2 sin (6, 4-05)j. 
It follows that 
kazal = kk | X kal» 
and arg (2422) = arg (zı) --arg(zs), 
where we have taken the principal values of the 
arguments concerned. These results are true for 


any number of complex numbers, and we may 
put the conclusions as follows :! 


(1) The modulus of the product of any number of 
complex numbers is equal to the product of their moduli. 


(2) The argument of the product of any number of 
complex numbers is equal to the sum of their arguments. 


2:6. Division of one complex number by 
another. Adopting the notation of the above 
article, we have 


£1. ñ (cos 0, -? sin 64) 
Zo Ta(COs 05-11 sin 65) 
= (nra) {cos(#,— 05) Hi sin (0, —6;). 


Hence 


Apo (&) 
E Samal arg JE Ure 
DR 8 Zo 1—02 
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It follows that 


(i) The modulus of the quotient of two complex 
numbers is equal to the quotient of their moduli; and 


(t2) the argument of the quotient of two complex 
numbers is equal to the difference of their arguments. 


2'7. Geometrical representation of zjz, 
and z,/z,. Let the affixes of the points P, and P, 
be zı and 2,, where 


£1 73, +94 — (cos 0, +2, sin 01), 
and Za X -iVa — re (cos 05-]-t sin 95). 


Consider a point P on 
the real axis, such that 
OP=1, ie. the affix of 
the point P is 1 +0:. 


Draw a triangle OP,P, 
similar to the triangle 
OPP, on the side of P, 
remote from P, such that 
ZP,OP,=0,. Then from 
a property of similar tri- 
angles, 


OP,|OP,= OPJOP,, i.c., OP,— OP,. OP,. 


But OP, =|z,| and OP,= |z,|, hence OP, is the 
modulus of the product z,z,. Also by construction 


LP,OX= / P,0P,4-/ POX 
= 6, --6,. 


Hence P, represents the complex number 2,2». 
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If, however, we draw the triangle O P5P; similar 
to the triangle OP,Pon y 
the same side of PaaS tRi 
as shown in the adjoining 
figure, we have 


OP, OP 
OF,” ONE 
, OP, 
1.€. 0P,— OP; 
Also /P,0X= / P,0X 
— 4P0P; 
sA 


Hence the point P, is such that OP, =7,/7, and 
its inclination to the real axis is 0,—0,. It follows 
that the affix of P, is 23/21- 


EXAMPLES 
l. x=cosa-+7sin a, y=cos B--i sin B, show that | 
(xx) (xy—1) sin a-sin B | 
(x—y) (y-+1) sin a—sin f 


2. Express the following numbers in the form A+7B 
where A and B are real numbers : 


© U+) Wo. GL 


wE EGA | 


where a and b are real. 
3. Find the modulus and argument of the following : 


] 2 0) F443, (ii) 1-Fcos #-Hi sin 9, 
i . (iii) 1—cos 0-Hi sin 6, (iv) 1—i, 


ii < (v) —5—122,. (vi) 2—3i. 


Dun 
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4. A variable RAE number z —x--iy is such that the 
—l. 

amplitude of the fr action * Exc is always equal to 7/4. Show 


that do aa) faayara qafa va Jg 


5. Let (7, 6) denote the complex number whose oU 
is r and amplitude 9. Then if a=(1, a), 5=(1, 8), c=, y) 
and if a--b --c— 0, prove that 


al- bte =O. [Punjab, 1945] 
6. Ifx-+iy=3/(2-+cos #-Hi sin 0), prove that 
(x—1)(x—3) 45? — 0. [Madras, 1940] 


7. If2+m?+n?=1, and (m-+in) =(1-+/)z, show that 
Chara ltd [Nagpur, 1948] 


Tag. liz 


8. Show that the representative points of the complex 
numbers 
ij-2—5i, 14i and 3+107 
are collinear. 

9. The vertices of a triangle are represented in an Arg- 
| and diagram by the complex numbers £i Zo Zg- Interpret the 
= modulus and argument of (Z.—Z,)/(z sa) in terms of the 

sides and angles of the triangle. 


10. Show that the two lines joining the points z=a, z=) 
and z=c, z=d will be perpendicular if 

ges 

ie, if (a—b)/(c—d) is purely imaginary. 


ll. If z, and z2, are two non-zero complex numbers, 


prove that E 
[zitel +e? z:2|z H2]. ast NG “a 
Prove also that o wf AS 


Ja zs] ess mf ra 


if and only ifzj[z, is purely imaginary. y * 
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12. Prove that the two triangles whose vertices in the 
Argand diagram have affixes a, b, c and a, B,*y will be 
similar if 

(by —e8) -- (ce —ay) + (a8 —ba) =0. 

"[Hint. The two triangles will be similar if 

b-c c—a a-b 


Dy ca ap 
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CHAPTER III 
DE MOIVRE'S THEOREM 


3:1. De Moivre's* Theorem. Whatever be 
the value of n, integral or fractional, positive or nega- 
tive, the value or one of the values of 

(cos #-Hi sin 0)” 
is cos n0-|- sin n0. 

Case I. Let n be a positive integer. 

By actual multiplication, we have 
(cos 0, +2 sin 04) (cos 0,-++2 sin 65) 

— cos 0, cos 05— sin 0, sin 9, 
-+2(cos 0, sin 05-|-sin 0, cos 85) 
= cos(0, --05) +2 sin (95-95). 
Similarly, 
(cos 0, -|-i sin 0,) (cos 05-|-? sin 05) (cos 04-7 sin 6;) 
= (cos(0, +6.) +i sin(0, --05)Y (cos 05 1-2 sin 65) 
= cos(0, -I-0,--05) +2 sin (6, --05 1-04). 

Proceeding in this way to z factors of the form 
COS a2 sin a, we obtain 
(cos 0, 4-i sin 6,) (cos 05 -+i sin 65) ...(cos 0, 4-i sin 6,) 

= cos(6, 4-0; -- ... -0,) +2 sin(8, 4-05 4- ... 1-0,). 

Putting in this 

Ala Sth =, 
we have 
(cos 0--i sin 0)" — cos n9 +i sin nd, 


*Called after the name of the French mathematician 
Abraham de Moivre (1667-1754), who discovered this theorem. 
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which is De MONS s theorem when 7 is a positive 
integer. 

[When z is a positive integer, the theorem may also be 
proved by mathematical induction, as follows : 


Suppose that the theorem is true for a particular value of 
n, i.e., let (cos 0-Lisin 0)? — cos n9-Hisin 0. Then, multiply- 
ing both sides by cos 0+ sin 0, we have 
(cos 6-17 sin 0)'**1 = (cos n6 +i sin n0) (cos 0 -++i sin 0) 
= (cos nd cos 0 —sin nd sin 0) 
-+2(sin n0 cos 0 +cos nd sin 0) 
, 2 cos(n--1)0 +i sin(n 4-1)0. 
Hence if the theorem is true for any integral value of n, 
it is also true for the next integral value. of n. 
But it is easy to see that the theorem is true for n=2; for 
(cos 6-++7 sin 6)? — (cos 0-I-i sin 0) (cos 0 -+i sin 0) 
= (cos? 0 —sin? 0) -|-2i sin 0 cos 0 
— cos 20 -+i sin 20. 


Hence the theorem is true for n=3, and therefore for 


n=4, n=5, etc. Hence the theorem is true for all positive 
integral values of n.] 


CasE II. Let n be a negative integer. 


Suppose that n — —m, where m is a positive 
integer. Then 


(cos +2 sin 6)” 

= (cos 0--i sin 6)-™, 
m 1 
~ (cos 0-Ei sin 6)” 
a 1 
~ (cos mÓ-|-i sin mô 

cos 710—i sin m0 

(cos m0-1-: sin m0) (cos m0—i sin mô)? 


y by Case I above 
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on multiplying the numerator and denominator by 
cos m0 —1: sin md, 


. COS m0--1 sin m0 

~ cos? mO--sin® m6" 

— cos m0 —1i sin m6, 

— cos (n0) —i sin (—n0), writing m= —n 
— cos n9--1 sin n9. 


This proves De Moivre's theorem when n is a 
negative integer. 


. . CasesT and II together give us that when x isan 
Integer, positive or negative, 
(cos #-Hi sin 0)" - cos n0-|-i sin n0. 
It follows that cos @-+7 sin 0 is one of the values 
of (cos n9--i sin n0)! ^, when n is any integer. 
Case III. Let n be a fraction, positive or 
negative. 


Suppose that n=p/g, where p is a positive 
or negative integer and q a positive integer. Then 


(cos 0 --i sin 6)" = (cos 0 4-i sin 0)?/« 
= (cos p0 -++i sin p0)1/« 
and by what has just been shown, one of the values 
of the last expression is 


cos e curat sind 6 


Hence cos mr sin 20 is one of the values of 
(cos #-Hi sin 0)", when n is a fraction. 


Thus De Moivre's theorem is completely estab- 
lished. 
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Some writers use the notation cis @ to denote cos 9+ 
isin 9. In this notation, De Moivre's theorem would be that 
cis nO is the value or one of the values of (cis 0)", whatever be 
the value of n, integral or fractional, positive or negative. 

Coroutary l. For all values ofn, integral or fractional, 
positive or negative, cos nü—i sin nd is the value or one of the 

` values of (cos 0—i sin 0)". 
1 
cos 6-47 sin 0 


Ex. 1. Prove that 
m 0 -I-i sin 6 


sin 0 --? cos 0 


=cos Fi sin 0. 


COROLLARY 2. 


: 
) =cos 80-Lisin 80. [Andhra, 1934] 


By De Moivre’s theorem, 
(cos 8-+2 sin 0)4 = cos 40 +i sin 40. 


Also 


sin 0-1 cos 0 = cos (5-0) -Fisin (o) 
7 


Therefore by De Moivre’s theorem 
(sin 8-++7 cos 0)* = cos «(5 —0) -Fisin 4 (5-6) 
=cos (2m —40) +-7 sin (27—40) 
— cos 40—i sin 40. 
Hence 


Ka 0-Lisin 6\4 cos 40-11 sin 40 

sin 9-11 cos i) cos 40 —i sin 40 
= (cos 40--isin 40)?, by Cor. 2 
cos 86-7 sin 89. 

Ex.2. Prove that 


"[I-si ] n M: 
Dr reni =cos (3nm —n9) Hi sin (Ana —n4). 


[Jammu & Kashmir, 1953] 


We first express l -Esin $-]-i cos 9 and 1 +-sin $ —i i 
the modulus-amplitude form. VO 
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Put 1+sin¢=rcos@ and cos $—r sin 6. 
Then 
EL cos $ 2 cos? 1d —sin? 46 
l-tsinj cos? -Lsin* 3$ -2 sin $4 cos If 
..cosjó—sinjó _ | —tani¢ 
cosió--smidd 1-+tand¢ 
=tan (A7—4¢) 
or —-17—4 19, 
so that i sin d -+i cos $ =r (cos ($a —39) Hi sin (47 —39)} 
and lsin ġ—i cos $=7 {cos G7 — 2?) —isin (17 —34))- 
It follows that 
l--sin $--itosó cos «35 +i sin (37-16) 
I-csm $—icosQ cos (47—$¢) —7 sin (47—4¢) 
= cos (47—¢) +isin (47—¢), by Cor. 2. 
Hence by De Moivre’s theorem 
Eur 


— cos OT Dae +i sin (3j —n9). 


B 


Ex. 3. If2 cos 02x41 and 2 cos bats show that 


one of the values of x™/y” yhp i is 2 cos Ue. 
[Lucknow, 1968] 


: l 
Since 2 cos 0-x4-, 
therefore x2—9x cos 0-1-0, 
or x cos 6-Li sin 0. 


Hence one of the values of x is cos 0+ sin 0. 
Similarly, one of the values of y is cos $ --i sin ¢. 
Consequently, one of the values of amyn +-7%/x™ is 
(cos #-Hi sin 0)™ , (cos $i sin $)” 
(cos $-isin $)” (cos 0--isin 8)^ 
or cos maki sin mê , cos np --i sin np 
cos np +i sin np Cos mÓ +i sin m0 
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or {cos (m0 —n4) +i sin (m0 —ng)} 

-|-(cos (m8 —nd) —i sin (m0—n4)) 
or 2 cos (m0 —n4). 


Ex. 4. If sina+sin B--sin y=cos a--cos B--cos y= 0, 
show that 
cos 3a-+cos 38 --cos 3y = 3 cos (a+ +y), 


and sin 3a-+sin 38 -sin 3y —3 sin (a +8 +y). 
[Lucknow, 66; Poona, *58] 
We know that if a--5--c — 0, then 
a3 +b? --c$ = 3abc. 
Now if we assume that 
4 — COS a.--i sin a, 
b=cos B --isin B, 
and c-cos y-Hi sin y, 
then a+b-+-c=0; therefore 
(cos a-+7 sin a)?--(cos B --: sin P)3- (cos y-Hi sin y)? 
= 3(cos a-+7 sin a) (cos -+i sin B)(cos y--i sin y), 
or (cos 3a-+7 sin 3a) -- (cos 3 -+i sin 38) ++ (cos 3y -Hi sin 3y) 
=3{cos (a+-B+y) Hi sin («4-8 4-y)) - 
. Hence, equating thereal and imaginary parts on the two 
sides, we have the required results. 


ExAMPLES 
Simplify : 
l. (cos ĝi sin 6)5(cos 0—i sin #)3. 
(cos 0-|-i sin 0)4 


(cos 0— sin #)3" 

(cos 30-7 sin 30)5 (cos 0—i sin 0)3 ; 
(cos 50-Fisin 99) (cos 29i sin gays’  LLucknow, °67] 
Express (1 -4-72)/(2 —:)? in the forms 

(i) x-i», (i) r(cos 0-Li sin 0), 


and deduce or prove otherwise that its fourth power is a real 
negative number. 


ui 
ii 
H 
d 
1 
Hd CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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5. Show that 
(cos 20--isin 20)? (cos 30—isin 30)* _ 
(cos 30-1 sin 30)? (cos 40-7 sin WO ys 
6. Ifa- cos 2a--i sin 2a, b — cos 2 +i sin 2B, c — cos 2y -+ 
isin 2y, and d— cos 20 --i sin 25, prove that 
(i) a+b=2 cos (a —B)(cos (a--B) Hi sin (a+f)}, 
(ii) a—b =2isin (a—f) {cos (a+) -- sin (a+)}, 
(iii) ab--cd —2 cos (a.--B —y —9)(cos (a8 +y +ò) 
-Hi sin (a+B+y+8)}; 
and (iv) (a4-b)(c-4-d) 24 cos (a—B) cos (7-9) x 
3 (cos (a-+8-+y-+8) +isin(a+-B-+y+8)}. 
— 7. If z—9zcos0--1—0, show that 22-272-2 cos 20 
andz?—z ?-2isin 306. 7 


8. Use De Moivre’s theorem to form an equation whose 
roots are the nth powers of the roots of the equation 
4 x*—2x cos 0-1-0. 
V— 9. If xp =cos (7/27) -+i sin(z/27), prove that 
XAXoXg... 00 2 — 1. [Poona, 1957] 
“10. Prove that 
2 
[Madras, 1936] 
]l. Prove that 
© Upi) HU —2)^—22*1c0s ins. [Agra, 475 Andhra, *52] 
19. If (l-Ex)? = po tpit - pa 2? -n show that 


fo—fa--Da— 2"? cos Inn, 
and 7 —fs S E = 202 sin inm [Luck., 1967] 


T 13. Ifsinx-Lsin y-+sin z= 0 = cos x-|-cos )--cos Z, 


show that 3 
sin 2x-Esin 2y-L-sin 2z = 0 = cos 2x Cos 2y--cos 22. 


[Hint. Use the following identity: Ifa-+-b--e=0, and 
d aL Aes — 0, then a?--9* Ec? — 0.] 
a sb c 
= ng. If sina-Fsin B--sin y=0= cos a--cosB--cos Yu > 


prove that i A a f à 
sin2a-tsin? B--sin? y — cos? a-- cosiB-Fcosty =$. — [Luck., '68]. 
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15. From the identity 
(x—b)(x—c) , (x—c) (xa) ee iy 
(a—b) (a c) (b—c)(b—a) " (e—a) (c —b) 
deduce, by assuming x=cos 20+: sin 20 Paid making corres- 
ponding assumptions for a, b, and c, that 
IGAN OTEN EN two 


sin (a—f) sin (a--y) 


similar expressions = 0, 

3:2. Theg roots of (cos 0-++7 sin 0)", p and q 
being integers prime to each other. We have 
seen in $ 3:1 that when m is fractional cos n9-- 
i sin nO is one of the values of (cos 6-+7 sin 0)”. We 
shall now obtain all the values of the last 
expression. 

We notice that the expression cos @-+7 sin @ is 
not altered if for 0 we put 0+2rr, where r is any 
integer. That is, 

(cos #-H1 sin 0)" = (cos (9--2rr) Hi sin (9-42rr))", 
where 7-0, 1, 2, 3 

If n=pla, where $ and q are integers, one of the 
values of the expression on the right of the above 
equality is 

DS ad 
cos {7 (0-27) hi sin (^ (0-+2rn) k (1) 


Giving to 7 the values O, 1,2, ..., g—1, we obtain 
the set 


COS (26) +i sin (20). 
COS (yo? 0-127) ag sin {20+ 27) Ja 


ca]? P (8--9(g—2 hil sin [aasa a 2)7}|, 
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and cos [2404-260-1)m)| isin [7642-00]. 


If in (1) we put r=g, g-H1, =, this set is 
repeated again. Moreover, no two quantities of 
this set have the same value, since no two of the 
angles involved are either equal or differ by a 
multiple of 27. We thus obtain q distinct values of 
the expression cos {p(0-++277)/q} +4 sin (p(0--2r2)]q) 
and these are the values of (cos 0-1-i sin 0)?”?. 


Thus we see that (cos 0-|-i sin 8)2/4, where p/q is a rational 
fraction in its lowest terms, has got q and only q distinct 
values and these are obtained on successively putting r=0, 
1, 2, ..., (q—1) in the expression 


cos o 42m)| -Li sin (can). 
Further, since 
Cos Ue 4] acta t (6 +2rn)} 


= {cos( pBfa) +i sin ( ptg) cos (rapla) +isin (2rxp]a)} 
= (cos ( p0/q) +isin (96/9) (cos (2xp]q) isin (2xp]q)}", 
therefore, the q roots of (cos #-i sin 6)?/4 may be arranged 
in the geometrical progression 
Z, WZ, WZ, «««, WT Az, 

where z=cos (60/4) +i sin(p9]9), 
and w — cos (2«5/q) +7 sin (27p/9)- 

3-21. The above article is useful in finding the roots 
of any given quantity. We have only to put the quantity in 
the form r(cos 0 -+i sin 0) and proceed as above. 


3-22. The student should note carefully that (cos 0+ 
i sin 6)2/6 has only 8 values and no more and that these eight 
values are the values of (cos 0--isin 8)!/*. Therefore, in order 
to find the different values of (cos 0-71 sin 0)7/t, he should see 
whether p/q is in its lowest terms. If plq is not reduced to its 
lowest terms, the values will be repeated. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


be- BIEN NB MÀ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


32 DE MOIVRE'S THEOREM 


Ex. 1. Write down the nth roots of —1 and show that 
(i) no two of these are equal and that (ii) any one root can 
be expressed as a power of any other. 
Suppose that —1 =r (cos 0-|-i sin 0), then 
—] =r cos 0, 0—r sin 6, 
giving r=1 and 0— s. 
Hence 
(—1)!/* = (cos m+i sin m)!” 
— [cos ((2ks 4-7) |n) +7 sin {(2kr 4-7)]n) ], 
where k is any positive integer, including zero. 
Giving to k the values 0, 1, 2, ..., n —1, we get 
cos (m/n) +i sin (m/n), cos (377/n) 4-i sin (3n), ..., 
cos ((2n— 1)m[n) +i sin ((2n—1)m[nj. 
These values repeat for k--n, n+1, etc. Hence the 
above are the nth roots of —1 and they are all different. 
Now a root of —1 is 
cos (BIST En (2r--1)z 
n 


5 , 7 being an integer. 


But 
e CRAEN in rs 
n 


orth 
aa. ANG 
=(cos -+ sin z) 

n n 


Since cos z[n-|-i sina/n is a root, any one root can be 
expressed as a.power of any other. 


Ex. 2. Solve 35—1 by De Moivre's theorem and prove 
that the sum of the nth powers of the roots of the equation, 
n being an integer not divisible by 5, is zero.  [Cal., 1940] 


We have 
DEDE 
=cos 2r +i sin 277. 
HA x= (cos 2a +i sin 2rr) M5 


=cos(2r7/5) Li sin (2rm/5), where r= 0, 1, 2, 8, 4. 
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Hence the roots of the above equation are 


1 » cos (27/5 -+z sin (27/5 m|5) 4-1 si 17/5)» T, 
isin (ech A eee paa d Mb uo 


The sum of the nth powers of these roots 


9 
LÉln (cos 4 Li sr + (cos £ +7 sin 3) 


S 
ong 


5 
+(cos SU ng sin a +e% = Hi sin 5 


9 n 2 
=1 os = ++i sin F) (o2 £T pisin =) x 
5 5 
` Iryl 4 
Hs “Fi sin — =) + +(cos 2 Hing sin z) : 
5 5 
5 
1 (c52 +i sin im) e 


2m 2 
1 (cos -Lisin — ) 
. 1—(cos 2nm -+i sin 2nz) 
T, A 2 Dum 
es e and. 
(ses 5 “t isin 5 ) 
=0, 
because, n being not a multiple of 5, cos (2n7/5) +i sin (2nz/5) 
Ai 
Norte. If n be a multiple of 5, the nth power of each 


root will be equal to 1, so that the sum of the nth powers of 
all the five roots will be equal to 5. 


C 


Ex. 3. Prove by the use of De Moivre’s theorem that 
the roots of the equation (x—1)"—a^ (n being a postive 
integer) are }{1 -+i cot (rz[n)), where r has the values OTIGA 


(n—1). 


Since (x—1)9 =a", 
x—1W 
therefore ( ) = 


= cos 2rm -|-i sin 2rz, 


where r — 0, ls (n—1). 
4T 
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x-1 TTE PAKA q 
Therefore = cos sin —, 1 
x n n 
1 
or x= 
IT Qrar 
1-cos ——isin — 
n 
t 
] 
Pa T F Far 
2sin? ——i.2sin — cos ES 
1 
—1 


go. MUN Tar oa us 
9i1sn —(cos +7 sin — 
n n n 
i 
x . TT TIT TT 
2sin “(cos —+7sin z) 
n n n 
3 HUP pro Vor 
i| cos ---i sin — 
n n 


2 sin” 
n 

CEB? | 

= (oe cot 7) where 7-0, 1, ..., (n—1). 
ExAMPLES u 


1. Find the values of 
(i) (4-125, (i) (—1)1. 
2. Find all the values of 


G) G+)", [Cal., 1940] | 
(ii) U+, [Agra, 1943] * 
(ui) (3-4), [Wales, 1945] | 
(iv) @--1)48. [Poona, 1945] | 
_3—D -OZ8-ET) | 
3. Express P= DINI | 
in the form r(cos 0--i sin 0) and derive all the four values of r 
pin, [Cal., 1942] | 
: ; j 
| 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar A 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


BINOMIAL THEOREM FOR COMPLEX QUANTITIES 35 


4. Solve x7=1 by the help of De Moivre's theorem. 
[4Uakabad, 1950] 
.9. Solve the equation 49 —45-L31—]1 — 0. [Lucknow, 1959] 
6. Find the continued product of the four values of 
(cos Jm --? sin 17). 
7. Find the cube roots of 8i, expressing each in the 
form a-Lib. [Liverpool, 1946] 
8. Find the cube roots of l—cos $ —isin $, where ¢ 
is real, and state the argument and modulus of each. 
9. Find the roots of the equation x3+8=0, and mark 
them on an Argand diagram. a 
10. Solve x1*—1 0, and indicate if there is any relation 
between these roots and the roots of the equation x* 4-3?-L] — 0. 
[Lucknow, 1959] 
3:3. Binomial Theorem. The student is 
already familiar with the Binomial Theorem for 
real quantities. We shall now state the corres- 
ponding theorem for complex quantities. 
(1) Jf z, and zy are complex quantities and n is a 
positive integer, then 


n(n—1l 3 
(27-22) =z" Ang? at ae eer 


n(n—1 
Ted der) 91 ERE Fz”. 


This is the Binomial theorem for a positive in- 
tegral index, and can be easily proved by the 
ordinary method. 


(2) If z is a complex quantity and n a negative 
integer or a positive or negative fraction, then 
n—1 n(n—1)(n—2 
(ete ee ee eU) 91 jas Mtr DES) A ls 
+...ad inf., 
provided |z|« 1. 
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When |z| — 1, this result is still true if (i) n50, or 
if (it) —l<n<0 and zz5—1. 

This is the Binomial theorem for a negative 
integral or fractional index. The proof of this 
is difficult and beyond the scope of the present book. 

The student is advised to remember the above 
theorem and to apply it where necessary. 

Note. The infinite series 

i n(n—1) a n(n—1)(n—2) é 
l--2z4- 21 ZH 3] get... 
is called the Binomial series. It is convergent for all real 
values of n E 1l. When |z|=1, it is still convergent, 


if (i) n>O, or if (ii) —1«n2«0 and z& —1. When n& —1, 
it is divergent. 


Ex. By expressing (1--7)" in two different ways, show 
that 


] —26,--* C, —... — 2?/? cos inr, 
and n(j, —^ (5 -A C, —... 2 2"/? sin tn. 
Since 11-42 (c037-Hisin i) 
therefore, by De Moivre's theorem, 
GHD na... nT 
(L-Liyn =n (cos zt sin). (1) | 


Again, by the Binomial theorem, 
O +i)” = 1 40C iC, 70C; 1? 
"2C, it-CH... 
=14"C, i—*C,—2¢, i 
GANG i—... 
=(1—"C, +7, —...) 
TIC, —"C, +2C,—...). (2) 


_ Hence, from (1) and (2), by equating the real and 
imaginary parts, we have the desired results. 
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Examples on Chapter III 


l. Given that x=2—2i, y—4/3—i, express x and y in 
the trigonometrical form, and then apply De Moivre's 
theorem to calculate the expression x273. 

Simplify : : 

(cos 0 -isin 0)8(cos 20 —i sin 2)? 
(cos 20 isin 29)? (cos 0 —isin 0)8? 
where @ is the circular measure of 18°. [Birmingham, 1944] 


2. Prove that 
(a-Hib)min + (a —ibymin 
= 2 (a? --b*)m/?n cos ((m[n) tan! (5/a)). (Agra, *53] 
3. If a=cos2a-+isin 2a, with similar expressions for 
b, c, d, prove that 
: 1 
G) v (abc) IDEE cos (a+8+y), 
(ii) 4/(ab]ed) +v (cd/ab) =2 cos (a-I-8—, —8), 


Ba 1 
and (iii) APDO Tr cos 2( pa 4p -I-ry 4-58). 


4. If 2cos0—a-L-l[a and 2cos$=6+1/b, prove that 
2 cos (9-4-6) is one of the values of ab+-1/ad. 
[Allahabad, 1953] 


5. Ifa, B be the roots of 4?—2x--4— 0, prove that 
at -|- Bn = 9941 cos m [Lucknow, *68] 
6. Find the cube roots of 1 —i/3 and illustrate them 
on an Argand diagram. 
If p — cos di sin 6, q — cos $ --i sin $, show that 
(6—9)|(p-+-9) =t tan $(0—9). 
7. Yfn be a positive integer, prove that 
(/3-Fi)9--(/3—i)0—2"** cos ims. — [Lucknow, '67] 
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8. Prove that, ifn is a positive integer and 
(1 x)” = eg -Eex 09x? +... Cn x, 
then cotta 2-63 +... — 27-2 --21/2-1 cos inn. [Lucknow, 1958] 
[Hint. Put x-1, —l and i successively in the given 
relation. Thus 


£g 1-64 Hcg T -.. — 2? (1) 
69 —64 4-69 —... = 0, (2) 
Cy 1-164 — 65 — 163 +... =2% (cos 1mm -+i sin da). (3) | 
Add (1) and (2) and divide by 2. Thus 3 
69-1-6064 Hu. — 201, . (4) | 
Equate the real parts on the two sides of (3). Thus 
69 — 65 -]-64 —... = 21? cos Yn. (5) 


Finally, add (4) and (5) and divide by 2.] 
9. Show that if 
x=cos@+isin@ and 4/(1—c?)—nc—1, 
then 1 +c cos 0 = (c[2n) (1 --nx) (1 --n[x). 
10. If cos (B—y) +cos (y —a) 4-cos (a—f) = —8,showthat 
cos a-+cos B --cos y = 0 
and sin a +sin B --sin y — 0. 
ll. If cos (B—y) --cos (y —a) --cos (af) = —8, 
prove that cos na +-cos nB+-cos ny is equal to 3 cos 3n(a --B-I-y) 
or zero, according as z is or is not a multiple of 3. 


[Banaras, 1934] 


[Hint. Use the following identity : 
Ifx-Ey--2— 0, and 1/z--1/»--1/z — 0, then 
| | PH teu Io or 0, according as z is or is not a 
| 12. Use De Moivre's theorem to solve the equations : 
| (i) at ha? LILO, [Poona, 1958] 
j (ii) a? -xt -H341 = 0, 
| and (iii) x9-Ex5-Ea4-I-x3--32-Ex 4-1 — 0. 
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13. Prove that 


aay (a +ib) 4-*4/ (a —ib) 


has n real values and find those of 
34/(1 +73) TW —73). [Poona, 1957; Luck., '61] 


14. Find the seven seventh roots of unity and prove 
that the sum of their nth powers always vanishes unless n 
be a multiple of 7, n being an integer, and that then the sum 
is 7. [Lucknow, 1966] 


13. Use De Moivre's theorem to find all the roots of the 
equation 


(x1) (x—2)5 


in the form a-Fib, where a and b are real numbers. 


16. Prove that every root of the equation 
(1--x)6--39— 0 
has —$ for its real part. [ Baroda, 1953] 


17. Solve the equations : 
pac SE 
(ii) 4n1—4/3-Li. [ Dacca, 1950] 
_ 18. Find the general value of 0 which satisfies the equa- 
tion 
(cos 0-]-i sin 0) (cos 39-1 sin 36)... 
{cos(2r—1)6-+7 sin(27—1)6} — 1. [Cal., 1942] 


19. From the identity 
1 l1 a—b 
xa x—b (x—a)(x—by 


deduce that 
cos (0-I-a) sin (0—8) —cos (9-18) sin (0—«) 
: =sin (a—8) cos 20, 
and _ sin (0-Ea) sin (9—8) —sin (9-8) sin (8—a)" 
sin (a—B) sin 20. 
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20. Da x the sum of ang infinite series 
l. oS ao x T5 x OST 
Eo ur 41.6.8 2.4.6 8.10.12 + 


is (1 +2)" 


[Hint. Expand (1--7) V? by the Binomial Theorem 
and equate the real part of (1-1-7) ?? with that of its expan- 
sion.] 
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CHAPTER IV 


IMPORTANT DEDUCTIONS FROM 
DE MOIVRE'S THEOREM 


4:1. Expansions of cos nf and sin n0 (n being 
a positive integer). When nis a positive integer, 
we have from De Moivre's theorem 
cos 20-12 sin n0 = (cos +7 sin 0)” 
= (cos 0)*--"C, (cos 0)"31(; sin 0) 
+-"C,(cos 0)”-2(isin8)?-+"C (cos 0)"-3(2sin 0)3 4... (1) 
on expanding the right hand member by the 
Binomial Theorem. If we equate the real and 
imaginary parts on either side, we have 
cos nÜ = cos" 0—"C, cos"? 0 sin? 8 
ING: cos?-4 0 sint 0—..., 
and sin 20 — "C, cos”! 0 sin 0—"C, cos" 0 sin? 0 
ING cos"? 0 sin90— ... 
We note that the terms in cither series are 
alternately positive and negative and that the two 
expansions are true whether n be odd or even, but 
the last terms of the series are different in the two 
cases. The last two terms of the expansion (1) are 
NG a cos 8 (i sin @)"-1-+-(7 sin 6)”, 
which will respectively be real and imaginary or 
imaginary and real according as 7 is odd or even. 
For, when n is odd, 
NG. cos O(i sin 0)" =n cos 0 . i" sin? 0 
sA n cos 0 sin"-1 0 
= (— 1) 070? n cos O sin? 9, 
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and (t sin 0)" — i(i)" sin^0 =i (— 1) D? sin? 0; ` 
and, when z is even, 
"C a- COS O (i sin 0)"-1—n cos 0 . im sin? 1) 
—i.1"-?n cos 0 sin” 0, 
=2 (—1) 0-2/2 n cos 0 sin! 0, 
and (č sin 0)" — i" sin? 0 = (— 1)? sin" 8, 
Thus the last term in the series for cosz6 is 
(—)"7?Pn cos 0 sin"-1 0 or (—)™2 sin” 6 
and the last term in the expansion of sinnd is 
(—)"-U? sin? 9 or (—)0-272 n cos Asin") 9 | 
according as n is odd or even. | 
4:11. Expansion of tan nð. 
sin nô 


tan n0— 
cos n9 


ncos"1 sin 0—"C. cos"-3 Q sin 6+ .. 
COS" 0— "C cos" 8 sin? OL ... 
on writing for sin nó and cosné the series deduced 


in the previous article. Ifwe divide the numerator 
and denominator by cos” 0, we get 


n tan 0—"C. tan? 9... 
1—"C, tan? 0L... | 
It is casy to see that, when z is even, the last | 

term of the numerator of tann6 is f = ID feo ee 

tan”? 0 and the last term of the denominator is 

(—1)*? tan™@; and when n is odd, the last term of 

the numerator is (—1) 0-0/2 tan»9 and the last 

term of the denominator is n (—1)0932:t25 31 9. 


42. Expansion of tan (04-0, 4-80, .- ...--0;). 
We can also easily obtain general formulae for the | 
sine, cosine and tangent of the sum of any number | 


tan n0 — 
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EXPANSION OF TAN (0,-1-0;-1-0, -... --0,) 43 


of angles which are not all equal. We have seen 
that 


(cos 0, +2 sin 64) (cos 65-1 sin 6) ... (cos 6, +7 sin6,) 
= cos (0, 4-0, 4-...--0,) +2 sin (0, +0.+...+6,). 
Now 
(cos 0, +z sin 04) = cos 04( 
(cos 9,-Li sin 05) = cos 9,( 
and soon. Hence 
(cos 0 +z sin @,) (cos 9,-Hi sin 05) ... (cos 0,,-I-? sin 6,) 
= cos 9, cos 9, ... cos 0,(1-+2 tan 04) (1--? tan 65) +... 
+(1 aro tan 0,) 
= COS @, cos 05. ..cos Op [1 +25, —55— 2532-54 -4- —] 
where SH —tan 0, --tan 0,-++...-tan 6,, ^ 
$9 — tan 0, tan 0,-|-tan 0, tan 05+... 
and so on. 
It follows that 
cos (0, 4-05 - ... --0,) Hi sin(04 4-05 --...-I-0,) 
— cos 9, cos 9,...cos Op [l His —59— 253 3-54 4--- ]. 
Equating real and imaginary parts on either 
side, we have 
cos (0, 4-0; 4-...--0,) — cos 0, cos 05... cos 0, 
x (Iesse a 
and sin (04-0, --...--0,) — cos 0, cos 65...cos 6, 
X (5$4—53--55— =). (2) 
Dividing either side of (2) by the corresponding 
side of (1), we get 


1 4-: tan 01), 
1+7 tan 9,), 


os Tee on etes 3 

tan(0, 4-05 4- ... 4-0,) = pu (3) 
We can easily see that the last terms of the 
numerator and denominator will respectively be 
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(—1) vp? 5. | and (—1)"? s, when nis even, and 
(—1)"-? s, and (—1)9-9 5, when z is odd. 
Nore. Ifin (1), (2) and (3), we put 


=0,=...=0,= 


we can easily deduce the formulae for sin n9, cos nô and tan n0, 
given above. 


Ex. 1. Show that 
9 0 =l) 
tan Stan ET tan H... -tan ES Je 


=n tan 0 or —n cot 0, 
according as n is odd or even. 


Orr 
Let unt »where-:0, 1, 233, .... 
n 
[This assumption is based on the fact that the angles 
of the given series of tangents arein an arithmetical progression 
whose general term is (0+rr)/n.] 
Then na=0+rr. 
Therefore tan na=tan 6. (1) 
When n is odd, this equation can be written as 
nC. H) (I-02 ym A 
1 —^ 6, +... --n( —) (1-1)/2 jn-1 ranis 
where t=tan a; or, ; 
(n ninl tan 6+...=0. 
The roots of this equation are 


0 8-- 8--(n—1) 
tan no tan 5, tan e Dr, for, (tan a and 


n m? m 


0 Otr 01:97 
USE, Ta 


Thercfore, by the Theory of Equations, the sum of the 
roots, F 


Le. tan iani te t...-Htan Habol, tan 0. ^7 


When z is even, (1) can be written as 
MG 3-...-En( —1) 0-2)2 :m-1 
z =tan 6 
] —^6; f+... F(=) 1m B 
or in tan O-+nim-14. — Q, 
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Therefore, in this case, the sum of the roots, i.e., 


[/] peo 
+-...-tan e cat 8. 


9-1 


tan- tan 
n 


TT 


Ex.2. Show that cos iz 


r—1,3,5, 7, 9, 11, are the roots 
of the equation 

6448 —32x5— 80311-3243 4944? —6x —1 — 0. 
[ Dacca, 1951] 


TT 


Let 9-57, Pally By Ds Ty Ilo us 
2 
so that g= Ctr n=0, l, 2, cop 
Then 130 5 (2n--1)z, 
or 70 = (2n--1)g —60, 
therefore, cos 70 —cos ((2n -1-1)&—66) = —cos 60. (1) 
Now 


cos 70 -|-cos 0 —2 cos 40 cos 30 ^ 
=2(2 cos? 20—1) (4 cos? 0—3 cos 6) 
= 2{2(2 cos? 0 —1)* — 1) (4 cos? 0—3 cos 0) 
—2(2(232 —1)? —1) (433 —3x), writing cos =x, 
—2(8x1— 83? +1) (4:3 3x) 
= 6427 —112x9--5633 6x. 7 
Therefore cos 70 — 6437 —112x5 21-5633 — 7x. 
Also cos 60 —2 cos? 30— 1 
—2(4 cos? 0—3 cos 0)*—1 
=2(4x3 —3x)?—1 
con Tae ee 
Hence from (1), we get that 
64x? —112x5-|-56x3 — 7x = — (3238 —4841--1833—1) 
or  6447--3249 —112435 —4821-I-56334- 1832 — 7x — 1 — 0. 
or — (x4-1)(6448—3235 — 8031 +3213 --2442--6x —1) =0 


o Tar = 
has for its roots cos 13 where r=1, 3, 5, 7, 9, 11, 13. 
Omitting the factor x--l corresponding to r=13, we 
Tm 
get that cos IET r=1, 3, 5, 7, 9, 11, are the roots of 


6438 —32x5 — 80x1 +3213 --24x3 —6x — 1 = 0. 
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Ex.3. Find the equation whose roots are 
2 2 2 
517, 557, 557, ST 59^, SIL? 


where Sy = sin a 


From Ex. 2, «=cos i» 27191395 75 9; 11, are the roots of 


6448—3245—80x1--32:39-L244?—6x—1-0. (1) 


We are required to find the equation where roots are 


J=sin? pa where 7--1, 3, 5, 7, 9, 11. 


Now Ue sin? — 


674! —cos 5) 
s in2 77 
Si cos —1— —2 sin 26 
Xe; x=1—2y. 
Therefore, substituting 1—2y for x in (1), the required 
equation 1s 


64(1--27)6-32(1--9,)5- 80(1--2p)44-32(1--2,)3 
-24(1—25)*—6(1—25) —1 =0 
i.e., 4096) —112645--11520)4 —537653 411202 84y4.1 = 0. 


: SEX 4. Prove that 
Dr 


1) tan? tan? 
(1) met an Titan? 77 tan? tan. 


h5, 


ng 2m 3m. 4r Sar 
(11) tan = i tan 77 tan 7T tan tan Ti Lll. 


Let =, where n=1, 2, 3,.... Then 


116=n7, 
so that tan 110— 0. 
n ux expanding tan 110 in powers of tan 6, we get 


that tan 7 n r=1, 2, 3, ..., 11, are the roots of the equation 
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11 tan 0—!1C, tan? 9NG, tanë 0—1 C, tan? 0--1C, tan? 0 


—tan4 0-0 
i.c., tan?! 0—55 tan? 0-330 tan" 0—462 tan* 6+165 tan? 0 
-11 tan 9-0 


i.e., tan Ó(tanl? 0—55 tan? 9-330 tan’ 0—462 tant 0 
+165 tan? 0—11) 20. 


The factor tan 9 corresponds to 7—11. Therefore the 


roots of the equation 
tan! 0—55 tan’ 0-330 tan? 0 —462 tant 0-165 tan*0—11—0 


are tan ID 1219223974107 


Now putting tan? 0 =x, we obtain the equation 
x5 —55x4 1330x3 —4622? --165x —11 — 0, 


5 TT 
the roots of which are tan? —, r=1, 2, 3, 4, 5, because 


TI 
HALE pn tan? es eo Can? uS 
ll ipt? 11 IP 11 11? 
tan? S Zar and tan? PUn up a 
ll 1r ll 11 


Therefore, by the Theory of Equations, we have 


SUITS RD Tr 2 OT 247 , OTe 
tan? item ji tem mt tan ttem li^?» (1) 
nura E Na no Len OS = 
and tan 7 tan’ Fy tan He je ilb 
, T DEN A 4a 5r 
Le, tang tan sy tan yj tanq tan u^vlt (2) 


Ex.5. Prove that the equation 
sin 30 =a sin @-++) cos 0-4-c 

has six roots and that the sum of thesix values of 0, which 
satisfy it, is equal to an odd multiple of m radians. 

Let i--tan (6/2). Then since 

sin 30 —3 sin 0 —4 sin? 6, 
sin 9-2 tan (6/2)/{1 tan? (9/2) 

and cos 0 = (1 —tan? (6/2)}/{1 Htan? (0/29), 
therefore the above equation becomes 
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6t -4[ 21 y= 2at | b(1—t?) , , 
14-8 le) rcm pe ' 
which simplifies to" 
—c){8 —2(aq—93)15 —3c)l4—4(a+5) 03 
(6—c) 8 —2(a—3)t®+(6 eva pas (paa col 
This is a sixth degree equation in ¢ and so it has 6 roots. 
Let the six roots be t=tan (0/2), 0-03, 05, 03, 0,, 5, Oee Then 
by the Theory of Equations, 
s1=2(a—3)/(b—c), 
s= (b —3c)] (b —c), 
sa =4(a+5)/(b—c), 
se — (62-35) (6—2) 
$5 =2(a—3)/(b—c). 
and Sg —(b-+¢)/(b—c), 
where 5;, Sp, 53, etc., have their usual meanings. 
Therefore 
tan (8-6 4...) =; A co = tan (n7 -+7/2) | 
=tan (2n+1)z/2. | 
Hence 6, +05-+... +6, = (2n--1)m. 
EXAMPLES [ 
Prove that | 
l. sin 40=4(cos? 9 sin 0—cos 0 sin? 6). l 
2. cos 50— cos? 0—10 cos? 0 sin? 6-15 cos 6 sing 0. 
3. cos 60 — cos 0—15 cost ð sin? 0-I-15 cos? 0 sint 0 —sin$ 6, | 
4. sin 70=7 cos® 0 sin 0—35 cos4 0 sin3 0 | 
ea 02 C00) +21 cos? 0 sin? 0—sin"* 9. 
du aene 1—6 tan? 0--tan* 9 | 
7 tan 0—35 tan? 0--91 tan? 0—tan? 0 
1 —21 tan? 0-35 tant 0—7 tan? 0 | 
7. lfa,B and y be the roots of the equation 5 
x3 | px? -qxp 0, | 


6. tan 70= 
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prove that tan”! atan! B--tan^! y 2nz radians, except in 
one particular case. [Lucknow, 1962, Alld., 1953] 
8. Write down the five values of 0 that lic in theinterval 


(= a <0<-= 5) and conform to the equation 
sin 50 — 0. 


Deduce or prove directly that the four roots of the 
equation 


1631—203?4-5 — 0 
are sinl and sin a [Gauhati, 1950] 


9. Prove that the roots of the equation 
833-E44* —4x — 1-0 


Qa 4a 67r 
are COS E COS 7, COS 7. [Lucknow, *63] 
3m 5a 
10. Show that cos = T cos CE and cos 7 are the roots of 


the equation 8x3-4x? 4x41-0, and deduce the equation 
whose roots are 


7 > 37 9 OT 3 
tan? 7: tan? -z and tan’. [ Baroda, 1952] 


2m 4r o, 97 87 
11. Show that cos — g? COS > COS > cos “9 are the roots of 
; 16x4-+ 8x5 — 12x? —4x -- 1 = 0. [Zravancore, 1940] 
12. Form the equation whose roots are 


5a "ar 97 


3a 
eo Ty? COS TP C05 TP COS To 


sT 1 
and hence find the values of 


a T 3m , 5a ie. 9z 
(i) cos " -- cos a -H cos "t cos a COS Tro 


Oa 
he "seo" it sec TT: 


[Andhra, 1940] 


(ii) sec— " 


13. Find the equation whose roots d 


tanim and tan $m. 
5T 
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14. By means of the equation tan 70-0, or otherwise, 
find the value of 


2m 9m par Dou 2 3T 
tan = tan — 7 tan 7 and cot mala cor F 1 cot 7* 


15. Prove that 


cosect7 cosec? 2 1 cosec? a cosec? T | cosec? 27 cosec* 7 — 16. 
16. Form an equation whose roots are 
227 3r » dr 
tan? p tan? D , tan? 9? tan -g . 
„1. Prove that 
cot WD cot? a 4- cot? ng cog TS cott? = =15. 


a, 1935] 
18. Prove that if n be an integer 


9g. 
cot a-+cot (2-5) +cot (a += It .to 2 terms 


=n cot na. [Cal., 1937] 
19. Ifa, B, y and 6 are the roots. of the equation 
tan (7/4-0) =3 tan 30, no two of which have equal tangents, 
show that 
tan a--tan B4-tan y+tan à — 0. [Andhra, 1937] 
20. Prove that the equation 
a? cos? 0 +b? sin? 0-I-2ag cos 0 --2bf'sin 0--c— 0 
has four roots and thatthe sum of the values of 0 which satisfy 
it is an even multiple of m radians. 
21. Solve the equation 
cot 30=1, 
subject to the condition 0« 0-7. Hence using the formula 
for cot 30 in terms of cot 0, prove that the three roots of the 
cubic x3 —34?—3x--1- 0 are 


o2 tol m and cot: [Cal., 1942] 


12 4 
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22. If S, denote the sum of the products of tan?6,, 
tan? ĝa, ... taken n together ands, denote the sum of the 
products of tan 9,, tan bs, ... taken n together, show that 

145759 Pi — (1—554-54—...) *-E (54 — 53 HI 
[Hinr. Square and add (1) and (2) of $ 4:2.] 
23. If5,,55,..., 3n be the sum of the products of the n 


quantities tana, tan2a, tan2%a,..., tan2"-la, taken 1, 


2, 9, ..., n together, show that 
1 —55--54 —... 22" sin a cos (2? —1)a cosec 2” a, 


and $1 —Sg +... —2? sin a sin (2% —1)a cosec 2” a 


4:3. Series for sina. We know from $ 4:1 
that, when z is a positive integer, 
sin 10 =n cos”-19 sin 0 
- "0-1)(n-2) 


n-3 3 
31 c0s?-3 0 sin? 0+... 


Let n0 — a and suppose that n increases without 
limit and 0 decreases in such a way that n0—a. The 
above equation may be written as 


sin 0 
sin a —a cos" 9 —— 


a(a—0)(a—20) |... o ( sin AN 
Se ere 


a—26)(a—36)(a—460 sin 6\> 
4-29 (090) 4) a (i 


: . ., sin 6 
When 6 decreases without limit, - J 


each tend to unity and so does every power of these 
quantities. Hence the above formula becomes 


and cos @ 


5 a a 
sin a= Gao ap . 
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- This is, of course, an infinite series and its con- 
vergence can easily be tested by the help of D' Alem- 
bert’ s ratio-test. Thus, since the general term of 


the above series is 


aa T. a231 
u, =(—) (2n—1)!? 
2 


therefore, 
giving that 
Pasil u 


for all values of a. It follows that the series for 
sin a is absolutely convergent for all values of a. 


It may, however, be noted that the above proof 


so, MAW | ; 
depends upon the limit being unity when 0 


0 
tends to zero and this is true only when 0 is given | 
in radians. Hence the series-expansion for sin a | 
is true when a is given in radians. The formula 
may be modified when other unit of angular mea- 
surement is adopted. "Thus for the expansion of 
sin 7°, we have to convert n degrees into radians 
and if a be its equivalent, 


o nm 

GT NAT 
Hence | 
BANKO Sen TT | 
sin 2° =sin (=) | 
mro lfmm lfmnr - 
mem) "esl - | 
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431. Series for cos o. Again if we use the 
formula 


cos nô = cos” 0— cos"-? Q sin? 0 


3E AN Ue) cos” 40 sint@—... 


and proceed as above, we shall get 


a? at aê 
cos a= lL— s 4- ———- 
PII ST 
The general term of this series is given by. 
q2n-2 


us 7 C mn 


and its absolute convergence follows by D'Alem- 
bert’s ratio-test. i we have 


COS 2° = COS —— 


180 


tara) arta) <== 


The above expansions for sin a and cos a are of 
very great importance. 
: sin9 2165 7 
Ex. 1. Given -8 “Ga show that 0 is nearly the 


A, o 
circular measure of 3". 


sin 0 : 
We know that tends to unity when @ tends to zero. 


6 


sin 6 . a 
Here e is nearly equal to unity, hence 0 must be small. 


But 
s gs 65 
sin 9—0—3 t g— 
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Ee sin 0 2 p4 
giving m a 5 


Neglecting 04 and higher powers of 0, we have 
sin 9 0? 2165 


pomo: D166? 
2165 1 
D pano vus.) fe 
a : =6(1 7166) 361 
1 2 
Therefore, 0— 19 radians — ee : + degrees 
= 3° nearly. 


Ex. 2. Ifcos (47-+-x) 2:49, show that 
x=39"5 approx. 

Since cos ($r +x) is equal to “49, i.e., very nearly equal to 
:5, therefore x is very small, so that we may write sin x=x 
and cosx— 1 nearly. 

Now 

cos ($r +x) 5-49 
s. Cos ($r) cosx—sin (17) sin x =-49 
ic, $—(V3)2)x=-49 
wen -5—87 x=:49 
i DNO radians  - : 
4-155 radiar k 
3437-7 


= minutes, [1 radian 


87 
—3437^7] 


E995, 
Ex. 3. Assuming the expansions of sinx and cosx in 
powers of x, adjust the constants a and b in such a way that 


p a cos x -bx sin x —5 
lima r 


may exist. Also find this limit when a, b are so adjusted. 


We have [Cal., 1942] | 


a COS X --bx sin x —5 
rase tiger SINE 
xi 
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al —x?/2 1--x4[4 1 —3[6 1-I-...] --bx[x —23[3 1+-29/5 1—...] —5 
xt 


—5 b—1 —4b A ; 3 
- a D4 -Fterms involving 4? and higher 


powers of x. 


If this has a limit, as x tends to zero, we must have a—5 
=0 and b—}a=0, i.e., a-5 and b=5/2; and in that case the 
required limit is (a—4b)/24, i.e., —5/24. 

Ex.4. Provethat 


32n —] gen 
m "(qui 
[Cal., 1948] 


sin? 0 cos 0 — 0? —801 --...--(—1) 


We have 
sin? 0 cos 0 —sin 0 . cos 0 . sin 0 


—1isin26.sin 0 j 
= (cos 0—cos 30) 


=f €: NIA Pu ma 


_f, (92, (86)! (36)2 | | 
{! a ay eme D psg ame | 
, 2064 gl EN 
=3[40°— Th a gen... 

3?n —] gn 


ON s 


EXAMPLES 
l. Find 0 approximately to the nearest minute, if 
sin 0/0 — 5045/5046. [ Andhra, 1943] 


2. If sin6—(5765/5766)0, show that 0— 1°51’ approx. 
[Dacca, 1950] 
3. Tf cos #-0, show that =-7 nearly. 
4. Find 0 approximately to the nearest minute, if 
cos 0= 1681/1682, taking 7=3:14159. [Andhra, 1938] 


5. Ifsin@=-5033, show that 0 is approximately equal 
to 30913'6"^ . (1 radian =206265") [ Dacca, 1951] 
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_ 6. If (sinx)/x= 19493] 19494, show that x is equal to 12 
approximately. 

7. cos 9-:72136, 2: =1-414..., show that 6 is approxi- 
mately equal to 43°51’. ; 

8. Given that sin (7/4-++2x) =-706, find an approximate 
value of x. 

9. If cos (7/3—x)=-5081, prove that.x—32' approx. 

10. Evaluate the following : 


(Eee eee [Madras, 1936] 
(ii) p [Poona, 1956] 


sin n0 —n sin 0 
9 6(cos nü —cos 0) 


sin x log(1 +x) —4 sin?(x/2) 


(iii) lim [Andhra, 1935} 


(iv) Se e sss [ Travan., 1940] 
(t) kaa EG cm [ Dacca, 1935] 
(vi) Hm o nce E i ? [Annam., 1947] 
(vii) lim, 59 aa [Cal., 1933] 


(viii) lim,_,){(tan [Ve 
(ix) lim, jof(tan x)/x}°/2, 
(x) lim, So(cos x)". [Bombay, 1947] 
l -Hsin x—cos x 


(Gey) Tims osin x=cosx—1 


GA. Tm 1 —sin 0 
(xii) lime 3mm o 0—9 cos? 30 [ Madras, 1940] 
(xi) limy_,7/2(sec x—tan x). [Annam., 1952] 
l -—sin a 


(xiv) lim, s3172 


[Annam., 1943] 


3 cos? a —cos? 3a’ 
cot?x —sin?2x 


. (xv) limes — DE ET on : [Andhra, 1935] 
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` (xvi) limy59 cot (x—a) log (2—x/a). - [Bom., 1947] 

(xvii) lim, 44 (1 —tan x)/(1 —4/2 sin x). [Bom., 1936] 
-yo (eos (x[n^. | 

(xix) limp_5.,{cos (x/n)}”. 

(xx) lim, 3 {cos (x[n)y@3. 

(xxi) lim, ;. (sin x)ten v. 


(xviii) lim, 


(xxii) lim, o (cos x)cot* 2. 
ll. Determine the quantities a, b, c so that as Ó tends to 
zero, the expression 
blab cos 0) —c sin 8 


95 
may tend to unity. [Annam., 1950] 
12. Sum to infinity 
4 6 8 
emu e f sepe SS c] JL. 
2x 317 ds Tee 


13. Expand the following in powers of 0 : 
sin? 9, cos? 6, and tan 6. 
14. Expand the following in powers of 0 and find the 
general term : 
(i) {(sin 0)/0)5. [Luck., *59] (ii) sin 0 cos? 0. 
15. Prove that 


3L chu at 132) Pata 4-32 41.34) ues. [Agra, 1938] 
6 FA) IDEAE DERE cas Y 


16. If@ be small, prove that 
8 cot 0= 1—4 0? —4.6* approx. 
17. Show that, if 0 is very small, the expression 


3 sin 20 
IO pcos 20) 
differs from 0 by(4/45)65 nearly. [ Travancore, 1953] 
18. Show that 
2 qi 8 
34 3458 24581012 "^ 
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19. Iftanx=a,x-4 2; x34 2I x9 L..., show that 


. . Qn4-1)2n (2n--1)2n(2n —1) (2n —2) 
+1 21 Gon—1 


Gon, 41 Gon 3 t 
A(-1)2Qn4-)a4 (—1)7. [Cal., 1946] 
20. Ifsec @=ay+a 6?--a,64 +... -Eas,02n +..., 
show that 
ong ong (—1)en | 
Gon 2] 4] are =F (2n) I a: + 


at bs o htt? 
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CHAPTER V 


TRIGONOMETRICAL AND EXPONEN- 
TIAL FUNCTIONS OF COMPLEX 
QUANTITIES 


5'1. The exponential functions. The stu- 
dent is already familiar with the exponential 
function 


f= lpia, soos IIT Feng (1) 
when x is real. 


We now extend this for the complex quantity 
z zx--iy and define the exponential function of z as 


2 n 
E(z) «1 e ep bep (2) 


We can easily investigate the convergence of 
this infinite series of powers of z. By applying 
D’Alembert’s ratio test, we see that the series 

9 m 
; 


7 
14-74-97 H-t +..., 


where r is real and positive, is convergent for all 
values of r. If now we form another series from 
it by changing the signs of some of the terms or by 
diminishing the values of some of the terms, then 
this new series will also be convergent. It follows 
that the series 


2 yah 
1 -r cos Oio cos 204... cos nü-l- . .. 
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2 ; 
and rsin (paa sin 20-- AG sin gui) es 

are convergent. In fact, these are absolutely con- 
vergent for all values of r and 0, since for all n 

l [cos n9| <1 and | sin 28] <1. 

| Now suppose that 

| £ —x--t1y 2 r(cos 0--i sin 0). 


ES n(cos 0-4-1 sin 0) | 72(cos 0--i sin 0)? 
1! 21 "os 


o 
! 


T 


1! 


2 


on using De Moivre’s theorem, 


9 


(cos 0-4-1 sin 0) + -:(cos 20-1i sin 20) +... 


-( 47m ti cos 264... 


l 


UN To 
+7{r sin 0-5 sin 20-+-...}, 


| on rc-arranging the terms. 
" B the two series within brackets have just 
een shown to be absolutely converge 
the series defining tl ocu Re E 
ng the exponential function E(z) is 
absolutely convergent for all values of z. 


| 

| 5:11. Product of exponential functions | 
To prove that E(z,) x E(z;) SIE T 

From the above definition, ` | 
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a z 
z =: 1 
Bq) x Ble) =(1 tat i+ ++...) 
2 n 


zu > n-l sy n— 2 
1 (<a MI Soy 41 Z2 | Sor 
Hate e carat ts 
on multiplying the two series and grouping terms 
of the same degree in z, and z2, together, this 
being possible because both the series are absolutely 
convergent. 
It follows that 


E(z4) x Ela) =1+(4 “co + na 27)? 


= E(za +2): 

Further, since the series for E(z,) and E(z;) 
are absolutely convergent, by a theorem in Al- 
gebra, the series for their product, viz. E(z--23) 
is also absolutely convergent. 

5:12. The exponential functions for real 
values. On account of the property established 
in $ 5:11, it would be appropriate to identify E(z) 
asc. We have thus 

#212 to ah 
for all values of z, real or complex. 


The student should note that, when x is real, 
e7 has the usual significance, viz. the quantity 
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Ue a 
Baar yar oo. 
raised to the power x. In other words, 


M 1 , 
(atat ) Seth. 


) 


But e7 has no such significance and is a symbol 


for the series (2) of § 5:1. 
Sometimes it is convenient to write e? as exp (2). 
The result of § 5:11 may thus be written as 
71 go — 31472, 
or exp(a;) x exp(zz) = exp(z +22). 
CoROLLARY. exp(z;) +exp(z,) =exp(z, —2;). 


5'13. An important proposition. 
To prove that (exp(z)Y" — exp(nz). 
We have, by the help of $ 5:11, 
exp(z) x exp(zs) x . ..x exp(z,) 


—exp(z; 4-2) x exp(z3) x ...x exp(z,) 
= exp(z; T3 eg) x exp(z4) x... 

X exp(z;) 
=exp(g,+z.+...+z,). 
If we put Ei Ep o o0 


; =Z,=Z, we have the 
desired result. 


Nore 1. The above result may be easily extended to 
the case when n is any real number. It should, however, 


be noted that when z is rational, exp(nz) will be one of the 
values of {exp(z)}*. 


Nore 2. From the above we have that, whether 0 be 
real or complex, 

eton = eine, 
or (cos 04-i sin 0)" = cos n0 4-i sin nd, 
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which shows that De Moivre’s theorem is true whether 0 be 
real or complex. 


CIRCULAR FUNCTIONS OF COMPLEX 
QUANTITIES 


5:2. Definitions. We have seen in 54:3 and 
§ 4°31 that for real values of x 


3 eo a gical 
a (eae 
x2 xá non 
and cos x-1 91 ET + "raj pee 


We now extend these for the complex quantity 
£—x--ty, where x and y are real, and define sin z 
and cos z as 


z3 ; 29 z291 


pun 3 Sime as air 
ee mete 
and cosz=1 21 41 papal Pola 


The other circular functions for a complex 
quantity are defined in the same way as those for a 
real quantity. Thus 


sin Z COS Z 
tan Z= NGO £m 
COS Z sin Z 
l cosec 
sec z = —— TA 
cos 2’ " sing 


5:3. Further properties of exponential 
functions. We are now in a position to deduce 
some further important properties of exp(z). 
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(i) Euler's Theorem : 
e? 2 cos 0-L-i sin 0, 
whether 0 be real or complex. 
We have, from the definitions of cos 0 and sin 9, 


cos 0-i sin 0e (1—2) ty D a 53 


., , (i8)? , (103 
-14484. 09) s Es 


on arranging the terms in powers of 70, 
- p19 

Cororrary l. e1 -cos 0—isin 0. 

COROLLARY 2. e?nTi-]. 

Nore. Euler’s theorem is of great importance as it 
enables us to write down the real and imaginary parts of an 
exponential function separately. As for example, ¢?, where 
Z=x-+1, can be written as 

£g —extty 
=e", ety 
=¢e*(cos y -+i sin y), using Euler's theorem, 
=¢7 cos y-|-1 et sin y, 
where e7 cos y is the real part of c?, and i e* sin y theimaginary 
part of e. 
ng : l 2 
(i) cos 0— 3 (e? 4-27?) and sin 0- DE (e? — et). 
l 


These follow at once on adding and subtracting 
the following formulae of (i); 
et? = cos di sin 0 and e? = cos 0—i sin 0. 
eið —g-18 
i(49 -e-i9) 


COROLLARY l. tan 0— 


and cot 9- 
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3 Comorramv 2. The period of complex circular functions 
is 2m. 


(iii) Exp(z) is a periodic function of period Ini. 
If z=x-+2y, then 
exp(z) =exp («+i») = exp (2)exp(i) 
=e*(cos y-+7 sin y). 
But cos y and sin y remain unchanged when y is 


increased by 2n7, where n is any positive or negative 
integer. "Therefore, 
exp(z) =e" [cos ( »-- 2n) -+i sin (.y4-2n7)] 
=e? , e!Y+2nmi 
= gf 2n 
—exp(z--2mmi). 

5:4. Addition theorem for circular 
functions. We are nowin a position to show that 
cos(0-- à) — cos 0 cos sin 0 sin $ 

and sin(@--¢) =sin @ cos $--cos 0 sin $ 
where 0 and $ have any value, real or complex. 
For example, from 55:11, we have 
gi (0*9) — get? 
If we use Euler's theorem, this gives that 
cos (9-1-6) +2 sin (0-- ¢) 
= (cos #-Hi sin 0)(cos +: sin ¢) 
— cos 9 cos ¢—sin 0 sin à 
| +i(sin 0 cos ¢-+cos @ sin ). (1) 
1 Similarly, starting with 
| g (9*9) — 10 p-id 


6T 
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we have eee 
cos (0-9) —i sin (8+¢) =cos 9 cos $—sin 0sin $ 
—i(sin 0 cos p--cos 0 sin 9). (2) 
From (1) and (2), by adding and subtracting, we 
obtain i : 
cos (8-+¢) — cos 0 cos $—sin 0 sin ¢, 
and sin (4-9) =sin 0 cos ¢-++cos 0 sin $, 
for 9 and 4, real or complex. 
If, however, we start with the identities 
gi 679) — £i? pid 
and GOD SO Oe 
and proceed as before, we shall get 
cos (@—¢) =cos 0 cos p-Esin 0 sin ¢, 
and sin (0—4) =sin 0 cos $— cos 0 sin ¢. 


5:41. Generality of trigonometrical for- 
mulae. In fact, all the trigonometrical formulae 
which are valid for real values and which are 
obtained by addition and subtraction can be shown 
to be true for complex quantities as well. 

Thus, whenz x-4), z, =x; +i) and zy =x is, | 

sin 2z=2 sin z cos 2, 

COS 2z = cos? z —sin? z, 

sin 32 —3 sin z—4 sin? z, 

cos 3Z=4 cos? 7 —9 cos z, 
tan z,-+-tan 2, 
1 —tan z, tan z, 
. cot Z cot z,— 1 1 


cot (z1 +22) = "Cot z, -Ecot z;" | 
1 2 | 


tan (e +2.) = 


and so on. 
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Ex. Ifz=x-ty, where x and y are real, find the modulus 
and amplitude of @ and the real and imaginary parts of 
cosg 
E [Luck., 1968] 
Ifz-x-Fiy then z? 53? —j?-I-2ixy, so that 
eZ? = pt -y2+2izy 
= *-y" (cos 2xy-+i sin 25). 
Hence mod (e2?) —ez?-v?, 
and amp(é*) =2xy. 
To find the real and imaginary parts of cos z/(z-+1), we 
first find the real and imaginary parts of cosg and l/(z 4-1) 
separately. 
Now  cosz-cos (x--iy) 
— COS X COS /y —sin x sin iy 


(E) s (282 =) 
= COS X sin xí — o 
N 2d 


9 
=} (eY eY) cos x —1i(ev —e-9) sin x 
1 l lx —iy 
EM LET UPS dup 
Hence 
=a — [3 (eY HeY) cos x —&(eV —e-v) sin x] 
l+x—i 
al 


— [301 +x) (e eY) cos x —3 (eY —e-¥) y sin x]/{(1 27x)? 153) 


—i[3 (e? 4-e79) y cos x --(1 a) (e? —e7¥) sin x]/(CL HA) 3. 
EXAMPLES 
1. Show that 
exp( ti 5) =i. 
2. Apply the exponential values of the sine and cosine to 


show. that 
(i) cos (—z) =cosz and sin (—z) = —sinz; 
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- (ii) sin? z-+-cos?z=1, 
(iii) cos A cos? z—l = 1—2 sin?z, 
üv) 7 PEU m —cotz, 
and (v) cosz,—cos 29:22 sin 3(z +22) sin $(e—%)- 
3. Separate the real and imaginary parts of the follow- 
ing: 
(i) exp (e9), 
(i) exp (FD) (a +i8)}, 


(ii) sin (02), 
(iv) cos (@—i¢), 
(v) sin (01)/ (x --y), 
(vi) exp (sin 20), 
, (vii) tan (0i) . e$t, 
(vill) sec (x--2y). [Luck., 1968] 
4, Prove that 
(i) (sin (a 4-0) —e sin 0)" 2 sin? a . e778, 
(ii) (sin (a —60) LV sin 0)? 
— sin?-1 a (sin (a —n0) ++% sin n6). 


5. Ifa, B be the imaginary cube roots of unity, prove 
that 


ae + geB a — eus sin 3s cos ve 
j [Bombay, 1947] 


6. Ifexp CE?) — Xf, ind X and 7. 


| LOGARITHM OF A COMPLEX QUANTITY 


5:5. Definition. If ¢?=w, where zzx--iy 
and w=u-+i are complex quantities, then z is 
called the logarithm (Napierian) of w and is 
written as ; 

Z=log,w 
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Since ` ` Emil 
we have also GUT 
giving that log, w=z-+2nmi, 


where n is zero or any integer, positive or negative. 

This shows that the logarithm of a complex 
quantity has: an infinite number of values and 
is hence a many-valued function. The principal 
value of the logarithm of w is obtained by taking 
n=0. 

Since the logarithm of a complex quantity is 
defined in the same way as the logarithm of a real 
quantity, it is clear that the results 

log uv =log u-Hlog v, 
log (ujv) =log u—log v, 
log u” =v log u, 
wil be true when uw and v are any complex 
quantities. 


3°51. Logarithms of a real number. Let 
us now suppose thate*=a, where x and a are both 
real. We can write this as 
et ger — a, 
n being any integer. If follows that 
x-+-2nmi = log a, 
showing thata real number has one real logarithm 
(corresponding to n=0) and an infinite number of 
imaginary logarithms. 
It would, be convenient to denote the general 
value of the logarithm of w by the notation Log w 
d and the principal value by log w. We then have 


- Log w=2nmi-+log w. 
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5:52. The principal value of a logarithm. 
Let us now suppose that 
z=x+iy=r(cos 0--i sin 0) =7e%, 
where r=4/(x2-+-y2) and 0=tan™ ( y[x). 


' Then 


Log z= 2nmi-Llog z= 2nri 4-log re" 
—log r+i(0+2n7). 

The principal value of the logarithm of z (ob- 

tained by taking 2 —0) is 
log z &log (x-+iy) =log 4/ (x?--5?) +7 tan? ( y/x). 
Nore. It is to be noted that the formula 
log (xiy) =log 4/32 4-53 +i tan“ (9/2) 

expresses the real and imaginary parts of log(x 4-iy)separately. 


' The student is advised to remember this formula and make 


use of it directly whenever he has to separate the real and 
imaginary parts of a logarithmic function. 
Ex.1. Find the general value of log 4/7. 
Log 4/1 22nmi 4-log yi 
=2nmi +4 logi 
=2nri +} log (cos 4r +i sin 47) 
=2nmi +} log amt 
=2nmi +} dai 
= (2nm 4-17). 
Ex. 2. Prove that 


t li lo a—tb 2ab 
an? log | Boe 
[ Lucknow, 1966] 
We have 
i log = GS zi log (a—ib) NG (a+ib)| 
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| =ijf3 eE 4 


-{ 4 log (a° +b?) +7 tan AN 


-( —9i tan“ 3) 


b a AGE) 
i -12 — tan”! 
=2 tan ;" tan T= (a)? 
sen. BA 
=tan qe 
à —ib 2ab 
"Therefore tan{i log T7 E 
Ex. 3. If (a,-+ib,)(a,-+tbo)...(@n-+ibn) =A +B, prove 
that j a 
b bo - - 
quce pia E +... tar DT =tan E 
and (442-632) (432-452)... (an? by?) =A? +B. 
[ Lucknow, 1963] 
Since 


(a, 4-164) (ag 1-103)... (Gn +ibn) — 4-2, 
I. therefore, on taking the principal values of the logarithms 
of the two sides, 
log (a, -+ib,) --log (a5 4-103) +... Flog (an bibs) = log (4 4-18) 
or [8log (a,2+5,2) +i tamo? (by/)]-+[4 log (032-105). 
+i tan”? (balas)] +.. LB log (an? tbr") +t tan”? (by/ag)] 
| = 4 log (4?-B?)-Hi tan”? (B/A). 
Hence equating real and imaginary parts, we get the 
required results. 


EXAMPLES . 
l. Prove that 
L (i) log (—1) 21, [Luck., '65] 
and (ii) Log (—1) =i(2n-++1)z. 
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2. Findthegeneralvalueoflog (—3). >> [Lucknow, 66] 
3. Show that Log i—(2n--1)7. [Lucknow, 1959] 
4. Prove that log (cos 0--isin 0) — di. 
5. Show that 


Log (14-7) 23 log 2+(2n+4)zi. 
6. Prove that the general value of 
log (1-Fcos 20--i sin 20) «log (2 cos 0) +i (0 --2&z), 
where£is any integer. ^ [Mpsore, 1941] 
7. IfA+iB=log (p-+iq), show that 
A-3log (p49) and B-tan-! (glp). 
8. Show that 
log (a-]-ib —x) (a —ib +-x) 
=} log [{(a—x)* +9} ((a- 4-3)? E03] 
(tan 1 (5](a—x)) —tan-à {b/(a-+x)}]. 
9. Find the general and principal values of 
log (—1 +i) —log (—1 —1i). 
10. Show that a 
i log log (x-7) =} log (9*--?) +i tan-1 (g/b), 
i where 2p=log (33-5?) and g=tan-1 (fx). 
11. Show that one of the values of 
log ((1--2) (1 +4/3)/(/344)} 
1 log 247 fr. [.Dacca, 1933] 


| 
| 
| 
| 
| 


is : 
12. Prove that 


| mu EHE. que an i 
| og a-+b-+i(a—b) 2mr--tan n) [ Dacca, 1951] 


13. Express log, (1-E2)1- is the form A+1B.. [Luck., '68] 
THE GENERAL EXPONENTIAL FUNCTION 


5:6. Definition. Ifa be any number, real or 
complex, the symbol a? is defined to mean 
exp(z Log a), where Log a has any of its infinite 
number of values., When Loga has its principal 
value log a, we shall call exp (z log a) the principal 
value of a. TESA i 
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Since 


zLog a , (zLog a)? 


exp(zLog a) =1 -+ NT 9] Aa 


we have the general exponential function 
zLoga ,-(zLog a)? , 


a” = 1 + I | Sha 9 1 Ts... 
The principal value of a? is given by 
gusce log d k kad. 


5:61. The exponential function is many- 
valued. The many-valued nature of the function 
a”, as defined above, may also be demonstrated as 


follows : Bird 
Let a=a+28 =7(cos 6+ sin 0) = ref 
and z-xLY. 


Now Log a-2nm-log a 
= 2nri--log ret? 
^ “log r--i(04-2n2). 
Hence : j 
a? — exp [z Log a] 
- exp [(x--i») (log r--i(04-2n7))] 
= exp [x log r—y(0-+2n7)} 
— Hif y log r-+x(6-+-2n7)}]. 
The principal value is obtained by taking n— 0. 
5:62. ‘The real and imaginary parts of the 


exponential function. We can now reduce a? 
(Opts p MESS dA Ga 
to the form A-+2B.. 


E 
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` As given above 
a* — exp [fx log 1--9(0--2n7)) +i{ y log r 
«(8 -2n7)) 
=exp {x log cn om) 

| Ix [cos { log Rd +2n7)} 

| +i sin o log TJA (84-2n7)) ], 

on using Euler's theorem. 

| Hence A=exp {x log r—y(0+2n7)} cos (log r 


| +*(0--2n7)}, 
| and B exp {x log r—p(0+2nz)} sin 3! log r 
-J-x(0--2n a} 
Ex. 1. Show that 
Ca IPA [Lucknow, 1946] 


By definition, 
#- exp (i Log i) “exp fi(2nmi “Hog )) 
“exp {i (2nmi log e02) 


| = gi 9n Ti+ 7i/2) 


— er n1)u/2. 


Norte. By putting n— 0, 1, 2, ..., we see that the values 
of i form a geometrical progresion whose common ratio 


| is e-?r, 
Ex.2. If ING tan (37424) xp ag E agiS 4... 
prove that ~. a ae 
x=u— au’ au —.... [Alld., *52] 
Since u=loge tan (17- E 
therefore &' —tan (47-42) 
| S ]--tan ix 


| 5 | ]—tanjx 


Applying Componendo and Dividendo, we have 
| tan (jo) = (9—D/(e*-1) 


= —{el¥t/2yt —e Qt/2)y | (jti/2)t -kez Outimiy 
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= —i tan (dui), 
isin (4x) : 
Oda stan (dui). 
Applying Componendo and Dividendo again, 

cos (44) +i sin (3x) _ 1 +tan (4 Lui) 
cos (4x) —isin (4x) 1—tan (3w) 


or ezt — tan (17 4-1u). 
Therefore, xi 2 loge tan (371w), 


or gm = loge tan ($r +4ui) 


ye : 
=— (ui J-ag(ui)? --ag(ui)8 4...) by hypothesis 
it 
=u — 0U? agus — 


EXAMPLES 
1. Prove that 
xt =¢e-2 (cos (log x) +i sin (log x) 
and iz — cos (2n--3) mxi sin (2n 4-9) m. 


2. Express the following in the form A-iB, where 4 
and B are real : 


() eB, — Qi) (DK, (ii) if. 
8. Find the principal value of (3 +-4i)#, [Mysore, 1945] 
4. Show that 
(sin x--i cos x)! LiT, 
5. Show that 
sin (log 5) = —1. [Lucknow, *57] 
6. Show that 
(=i) t = canam, 
7. Ifit’...ad inf. = A+B, principal values only being con- 
sidered, prove that 
taninA-BjA and A 4B =e" 
[Jammu and LN 1953] 
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8. Show that the real part of the principal value of 

ilog (1*0 js 
e-7/8 cos (4r log 2). 

9. Show that the ratio of the principal values of (1-4-7)1-t 
and (1 —i) tt is Jk 
sin (log 2) -Hi cos (log 2). 

10. Show that the principal value of (x--iy)&**? is wholly 
real or wholly imaginary according as 
15 log (x? -+-y?) +a tan? ( y[x) 


is an even or odd multiple of 47. [Allahabad, 1941] 
QD UU P REM 
11. If Capa =* 9^ prove that one of the values 
of tan 1 ( ya) is dpa log, 2. [Lucknow, 1961] 
12. Show that 
. 4m4H 
TO asa 
where m and n are integers. a ` [Andhra, 1940] 


THE INVERSE CIRCULAR FUNCTIONS OF 
COMPLEX QUANTITIES 


5:7. Definition. We shall first consider sint 
where w20 -iv, u and v being real. Its value z=x Lip 
is defined by 

sin (x-Ezy) ut iv. 
Since sin (x--iy) “sin {nm + (—)^ GO), 
we learn, by the above definition that the general 
value of the inverse sine of u-L-iv is 
m-+(—)"(x-+ip) 
This shows that sin-!(u-Fi»)' is a, many-valued 
function. The principal value is that in which 
the real part lies between —7/2 and 7/2. 
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Similarly, if cos (x-i) =u-}iv, then x+iy is 
said to be an inverse cosine of w-Hiv. 
Also since cos (2n dc (x 4Hiy)) =u-tiv, therefore 
2n7+(x-+wy) is the general value of cos (u-+tv), 
showing the many-valued nature of the function, 


and the principal value is that in which the real 
part lies between 0 and z. 


Again if tan (w-Liy) uw, 
then u--tv = tan (n7-+x-+7y), 
giving tan! (u-E27) =nm -4 (x49). 

The principal value of tan (u-I-iv) is the one in 
which the real part lies between --7/2 and 7/2. 


If we choose to write the general value of an 
inverse circular function of a complex quantity by 
writing the first letter as capital one and the prin- 
cipal value in the ordinary way, the above rela- 
tion and the corresponding relations of the remain- 
ing circular functions may.be written as follows : 


Sin? (u-E27).— mr 4- (—)* sin (uto), 


Cos (uiv) = 2n 4- cos? (u--iv), 
Tan? (u-4-iv) =n7--tan (viv), 
Cott (u--iv) & nm -4-cot? (u-tiv), 


Sec (u-+-iv) = 2u7-+tsect (ud), 
and Cosec+ (uiv) 2 tt -- (—)" cosec™ (utv). 
Ex. Provethatsin-! (ix) «nc --i( — 1)?log (/(1 2-32) +x}. 


Let sin?! (ix) =z. 
Then sinzex, 
q—e. 
or pris 
Kai m KS £a e2 0x, 
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Multiplying by e2? and transposing, 
ert + 9x2! —] = 0. 
Solving this equation for e24, we have 
gi = —x +y (33 4-1). 


"Therefore 
zi 22mzi --log {y (33 4-1) —«) BA 


or -2mri -Hog (—1 -Hog Cus AE 
4i 4 ($4 3r 1) —x? 
Buy a) sc EDERT ae "bi 


and f log (—1) =mi. 
SAAN 


Therefore ki 
zi22mmi—log {y (X? 4-1) +4} 

or =(2m+1)mi-+log (/ (33 2-1) 4-3). 

o5 z=2mr -i log {V (3 --1) 4-x) 

or = (2m+1)m—i log (/(33--1) +4}. 


Both these values of z are included in the expression 


nm +i(—1)” log (/ (2 4-1) 4-3). 


sin! (ix) mr -+i ( —1)? log (/(X* 4-1) +a}. 
Alternative Method. Letsin-1(ix)-z. Then 
sin z=tx and cosz=4/(x?+1). 
e = cos Z+7 sin z =4/ (x? -+1) —x 
l 

zi= —log {y C2 --1) +a}. 
Therefore zzsin-t (ix) =2 log {y (4? +1) +2}. 
Hence Sin (xi) «nm +i(— 1)” log {y (x2 +1) +2}. 


EXAMPLES ON CHAPTER V 


Hence 


1. By using the exponential value of the cosine, prove 
the identity 


cos? A -I-cos? B +-cos? C--2 cos A cos B cos C— 1, 
connecting the angles A, B, C. of any triangle. [Luck., 1968] 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Vibia Me RR aerias x mage aai uaa tr 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


EXAMPLES 79 


2. Prove that 
sin (a-n) —c% sin nf =e-28t sina. 
3. Prove that the principal value of 
(@-Hia tan g) log (a sec $)-t9 
is wholly real and find it. [Lucknow, '57] 
4. Show that 


1 
log Toni = log (3 COSEC 40) +4(7 —0) i. 


5. Ifa+ib=g?*y, prove that 
-1 
Z= nm SS. [Aéra, 1959] 
6. If tan log (a+78) 2x—iy, where x2-+1y® 1, prove that 
tan log (a?--82) =2x/(1—x*—y?).  [Calcutta, 1946] 
[Hint. Since 
log (a-+78) = tan”! (x—1y), 
and likewise log (a—:8) tan”! (x49), 
therefore tan (log (a +18) --log(a —i8)) —2x/(1—33—52)]. 
7. Show that the principal value of 
(aib) pita 
(a —ib) Pa 
is cos 2(pa+g log 7) +7 sin 2(pa+q log r), where 
r=a/(a2+b?) and a-tan! (bja). 
[Lucknow, 1952] 
8. If log log (x-7) 2 --iq, show that 


y=x tan 6, 
where 26=tan q . log (x22). [Annam., 1939] 
9. Show that j 
x—a Tes NO a 
tana ( er = — gloss o [Lucknow, Se] 


10. Prove that the general value of (1 +2 tan a)~# is 
e@+2m™ [cos (log cos a) +i sin (log cos a)], 
where m is any integer. [Baroda, 1954] 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


| 
| 
NG 
| 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


80 TRIGONOMETRICAL AND EXPONENTIAL FUNCTIONS 


ll. Ifall the values of (1 +i tan oniani arereal, prove 


f th s 
that one of them i (see a)? B, [Eucknow, *66] 


12. Express the logarithms of x+iy to the base a-}iß, in 
the form A-+7B. 
13. If sin-! (xiy) stan”! (£ 4-29), show that 
422452)? 
[e D*-45916--*421o GERA 
[Lucknow, *56] 


cepe (é+in), (1) 


ok 
[Err sin“? (xiy) = tanc1— — 5 


and sin? (x—zy) — tan? Vi Du ws =tan71(&—7m). (2) 
Multiply (1) and (2).] a 
EN Hila M: 
14. If MES Ep o 


prove that one of the values of tan”? ( QJP) is 
A tan™ {2ay/ (a? —3* —5?)) +3u log[((a--3)* 157)/((2 —2)* 453]. 
[Gauhati, 1953] 
15. If a**18—(x--7p)?*, principal values only being 
considered, prove that 
a= tp log, (421) —q tan“? (5[s) . logs € 
2(ap +4) - 


and that loga (x?+-y®) = PETE 


[Banaras, '62] 
16. Prove that 


sin (cosec 0) = {2n-+(—1)"}a/2 
-E:(— 1)? log cot (0/2) 
Wy, We ax show that icos (sin x-F-cosx) has two 
real values. 
18. Show that : 
L+(=1)" 


Umpsy zm. 
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CHAPTER VI 
HYPERBOLIC FUNCTIONS 

6:1. Definitions. The expressions 1(e?-1.6-9), 
and 3(e?—e~°), where the exponentials have their 
principal values, are called hyperbolic cosine and 
‘hyperbolic sine of 0 and are denoted by cosh 4 and 
sinh 0 respectively. It follows on expanding the 
exponential functions that 


61 08 


coetu. 
ASE Ola 
5 7 
CREIS 
Sas 

Just as the ordinary tangent, cotangent, secant 
and cosecant of an angle can be obtained from the 
ordinary sine and cosine of the angle, so the hyper- 
bolic tangent, cotangent, secant and cosecant are 


defined in terms of the hyperbolic sine and cosine. 
Thus 


cosh ô=} (e+e?) —] Ho 


33 
and sinh 0 — (9 —,-9) = 647 c 


sinh 9 @9- 6-9 


tanh 0— so 
Sia cosh 0” e?-He-?? 
i j= cosh 0 9-6-9 
 smh6 de® 

l 2 
sech 0 =. => 

cosh O «?--e 
1 2 
and cosech 0 — — 


sinh Q^ e9.—g-v 


The above hyperbolic functions are expressed 
in terms of the corresponding circular functions 
by the equations 

URIS, 
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i sinh 0 sinit: coth 0 — i cot 10, 

| cosh 0 — cos 20, sech @=sec ið, 
H tanh0—— itaniÜ, | and cosech 0 — i cosec 10. 
He And conversely, 
| | sin 9 — —i sinh 10, | cot 0 =i coth 20, 
Hi cos 0 — cosh #9, | sec 0 — scch i0, 
l| fan @=—itanh70, | and cosec0—: cosech 10. | 


ij From the above definitions, the following re- 
lations between the hyperbolic functions can be | 
easily seen to be true: 
: 28 —cosh@-+sinh 6, e° =cosh 0—sinh 6, 
cosh? 0— sinh? 0 — 1, 
sech? #--tanh? 0 — 1, 
and coth? #--cosech? 0 — 1. 
The last three correspond to the relations 
cos? #- sin? 9-1, sec? 0— tan? 0-1 and cosec? 0— 
cot? 0— 1, between the ordinary circular functions. 


611. Addition formulae. Addition for- | 
mulae for the hyperbolic functions can also be b 
deduced from the definitions of these functions. | 
The formulae are | 

cosh (uv) — cosh u cosh sinh y sinh v, | 


sinh (u4-v) ^ sinh wu cosh v--cosh u sinh v, 
s _ tanh w--tanh v 

tanh (ut?) = [-Etanh u tanh v’ 

coth u coth 2--1 


and coth (uv) = oth vEcoth u ` E | 


Alternative proof of any of these would be to | 
use the corresponding formula for the ordinary ' | 
trigonometrical functions. Thus, for the first, 
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cosh (u--v) =cos i(u-+v) 
= COS tu COS iU— sin iu sin iv 
— cosh v cosh z--sinh v sinh v. 
6:2. Periodicity of the hyperbolic func- 
tions. Since E20 
we have 


cosh 0 — cosh (9-2nmi) and sinh 0—sinh (0-E2nz1), 
where n is any integer. Thus the period of hyper- 
bolic sine and cosine is 27i. 


Also, because of the equalities 
gei .— ___ 98 and e*9*70-—. . (F9. 
we have i 
cosh(0 --zi) =—cosh 0 and sinh(0-E-7i) =—sinh 9, 
giving that 


tanh (0-71) 2 tanh 0 
and coth (0--zi) =coth 0. 


The period of hyperbolic tangent and cotangent i 
is therefore zi, i.e., half of the period of hyperbolic j 
sine and cosinc. | 
i We give below the values of the hyperbolic func- | 
tions for the arguments 0, 1zi, i, Sat. | 
i 
0-0 |- iei Ti Smi | 
sinh 0 0 i 0 —i | 
cosh 0 1 0 —1 MO 
tanh 0 0 1X co 0 x c0 1 
coth 0 (69) 0 oe) 0 
=- sech 0 . l 00. —1 oo 
cosech 0 oo) —i 00 i 
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63. The inverse hyperbolic functions. If 
sinh w--z, then w is called the inverse hyperbolic 
sine of z, and is written as 

r w=sinh z. 

The other inverse hyperbolic functions, viz. 
cosh% z, tanh” z, coth z, sech z and cosech™ z 
are defined similarly. 


Since sinh w=—? sin iw —z, Say, 
we have sinh z =— i sin™ (zz). 
Similarly, cosh™ z=—7 cost (iz), 
and . tanh z=—z tan™ (iz). 


These inverse hyperbolic functions can be given 
precise meanings by means of the logarithmic func- 
tions. Thus if 


sinh w=Z, 
we have £9— 7? =2z, 
or g2e — 9259 — 1-0. 


This is a quadratic equation in @ and so 


Ga eee 


uw —2nri-Hog, +v (0 -2)) 
or 2nzi--log, (z—4/ (14-22))- 

Both these values of w are included in the ex- 
pression kmi--(—)* log(z--A/ (1 +2)}, 

This gives that the general value of sinh z is 
kni+(—)* log. {z+4/(1-+2?)} and its principal value 
is log, (zJ-/ (1 --z2)) and is denoted by sinh (z). 

Similarly, starting with cosh w=z, i.e., e®+e° 


=2z, we get 
e =z v (— 1), 


Hence 
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or w=2n7i-Llog (c/c g-—])). 
This is the general value of cosh (z) and its 
principal value written as cosh (z) is 


log (iC (22—1)). 
Now let us suppose that tanh w=z. Then 
et eY gU. 1 
eo pew or eet] =z 


It follows that 


or =nmi +} log, lm. 


This is the general value E tanh (z), the 


1-42 


principal value being 3 log E 
TA 


Similarly, the principal values of coth™ (z), 
sech (z) and cosech™ (z) are respectively the ex- 
pressions 


z+l y 140) 


ilo og? VERD log e a log, o 


6:4. The realand imaginary parts of cir- 
cular functions. By the help of hyperbolic func- 
tions itis possible to express the circular functions 
with a complex argument, in the form a+78, where 
a and B are real. Thus 


sin (xi) =sin x cos iy-Ecos x sin iy. 
=sin x cosh y+? cos x sinh y. 


‘Similarly, cos (-E-iy) = cosx cosh»-Fisinx sinh y. 
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.. SIN (xiy) cos (x— îy 
Also tan (x--iy)-— OS end md 
sin 2x --sin 22y 
~ COS 2x4 cos Dy 
sin 2x-H1 sinh 2y 
= cos 2x-+cosh 2y ` 
Similarly, inverse trigonometrical functions can 
be expressed in the form a+78. Thus if 
cos (x-Hiy) — a— if, 
then cos (x—2y) = a— if, 
because if two complex numbers are equal, their 
conjugates must also be equal. 
Hence cos 2a — cos ((a--iB) +(a—i)} 

— COS (a-+78) cos (a— if) 

—sin (a +2) sin (a —7B) 
= (x-Hy)(x—») 
x VU Eti) 1 (x9) } 

Ka) Dixy) 

X4/{(1—x? Ly?) 4 Dixy}, 
at s DATA. 
giving «— cost [9-9 (13-9)? p 458. 
Also cos 2f =cos ((a--iB) — (a—7B)} 

PAY (1L)? pada, 
on proceeding as before. Since cos 278 = cosh 2B 
this gives that 

B=} cosh [(2-5?) +y/{(1—x2-492)24 4539]. 

Ex. 1. Iflog sin (9-Hip) - a--if, prove that 

2 cos 20= 69 0-28. 462 and cos (8—B) =e cos (0-8). 
[Jammu & Kashmir, 1953] 
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Since log sin (0-+id) =a-+iB, 
D sin (9-16) =c%*#8, 
or sin 0 cosh ¢ +i cos 0 sinh ¢ =e% (cos B-+isin B). 

Equating the real and imaginary parts, we have 

sin 9 cosh ¢ =e cos , (1) 

and cos 0 sinh 6-4? sin fj. (2) 

Squaring and. adding (1) and (2), we get that 

sin? 0 cosh? ¢ --cos? 0 sinh? ¢ =e. 
But sin? 0—4(1—cos 20), cos? 0 —4(1 +cos 20), 


hence 1(1—cos 26) cosh? 4 +4(1 + cos 20) sinh? 6 =e", 
or cosh? d --sinh? d +cos 26 (sinh? ¢ —cosh? $) = 2c**, 
or NHA O) 


cos 2 O[{4(e% -079))2 —(3(c9 +278) P] = 2226. 
This gives, on simplification, 
2 cos 20 =$ 0728-4024, 
Again, dividing (2) by the corresponding sides of (1), we 
have 
cos @sinh ¢ sin f 


sin ð cosh cos 
sinh sin 0 sin B 


P. cosn d cos 8 cos p’ 
F cosh $--sinh ¢ _ cos @ cos B-+sin ô sin B 
ee cosh $—sinh o cos 0 cos B —sin ô sin B' 
or ep = cos (0—B) 

cos (0--B)* 
giving that cos (0—B) =e7# cos (0+8). 


Ex.2. Separate into real and imaginary parts the 
expression 
sin”? (cos 0-I- sin 0), 


where 0 is a positive acute angle. [Lucknow, 1960] 
First Method. Let sin- (cos di sin 0) =x-+-iy. Then 

sin (x--ip) ^ cos 0-1-i sin 6, (1) 
and also sin (x—1iy) 2 cos 0—i sin 6, (2) 
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because when two complex numbers are equal, their con- 
jugates must also be cqual. 


"Therefore cos 2x 
7605 (27) -6—9) 
— cos (w+iy) cos (x—iy) —sin (x--ip) sin (x —iy) 
sV1- (cos 0-Fi sin 0)* 4/1 —(cos 0—i sin 8)? 
— (cos 0--isin 6) (cos 0 —i sin 0), using (1) and (2). 
4/1 cos? 0 --sin? 0 —i sin 0 cos 0 
x 4/1 —cos* 0--sin* 0-E2isin 0 cos ó—1 
= V/2sin? 6—2isin cos 0 4/2sin? 0 --2isin 0 cos 0 —1 
= V/Bsin (sin 8 —icos 6) / In Tin VHT cos) —1 


—2 sin 0—1. 
or 2/cos2x—1:—2 sin 0-1, 
or cos? x — sin 0 
or cos x —4/ (sin 0), 


the positive square root is taken because x, being the real 
part of an inverse sine, lies between —n/2 and --«[2($5:7) 


x cos 4/ (sin 6). 


Again cos (21y) — cos ((x-I-iy) — (x—i») 
=2 sin 9-1, as before 
or 2 cos? (iy) —1 =2 sin 01-1. 
3 cos (1y) —4/(1 -I-sin 6), 
or cosh y — /1-Esin 0. 
Therefore J=cosh™ ./) sin 0 


=log (/1- sin 04 0 --A/sin 6). 
Hence sin-! (cos 0-I-i sin 6) 
my 


—cos ^ 4/(sin 6) +i log {4/(sin 6) "EV sin 6)}. 


In general, 
sin”! (cos #-i sin 6) =n +-(—1)"[cost4/(sin 6) 
+ilog f/(sin 6) -+4/(1 +sin 0)}] 
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Second Method. Let sint (cos 04i sin 0)—x-Fiy Then 
cos 0-1 sin  —sin (x--iy) =sin x cosh y-++2 cos x sinh y. 
Therefore 
sin x cosh y =cos ð, (1) 
and cos x sinh y —sin 0. (2) 


Squaring and adding (1) and (2), we have 
l «sin? x cosh? y--cos? x sinh? y 

—sin? x (1 #sinh? y) +cos? x sinh? y 

—sin? x -sinh? y. 
Therefore 

sinh? y= cos? x. 
Hence from (2) we have 
; cos? x =sin 0 
because, 0 being a positive acute angle, sin is positive. 

Now as x is the real part of sin! (cos 0-I-isin 6) it lies 


5 and P ($5:7), and so we have 


cos x —4/ (sin 0), 
i.c., x=cos™}4/(sin 6). 
The relation (2) then gives 


sinh y= --A/(sin 0); 


between — 


so that €*y —2ey /(sin 0) =1, 
giving eY =4/(sin €) +4/(1 +sin 0), 
i.e., J=log (/(sin 0) +-4/(1 --sin 6)}. 


Hence, as before, 
sin“! (cos 0-|- sin 6) = cos™t4/ (sin 6) +7 log (/(sin 6) 
+v (l -+sin 6)}. 
Ex. 3. Prove that a 
2x Li; Thee) a 
Tae! tanh’ Te 
[ Lucknow, *65] 


tan?! (x-Hiy) =4 tan! 


Let tan? (x+y) =A+7B. Then 
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N tan (4-HiB) =x-+iy, (1) 
| and also tan (A—iB) =x—y. (2 


Therefore tan 24 —tan {(A+7B) +(A—iB)} 
__tan(A4+7B) tan (4 —iB) 
] —tan (A+7B) tan (A—7B) 


I eto) teo) | 
| | TAKE using (1) and (2) 
1} 2x 


| 
| ] xP yy”? 

| bng ERU A ur 24 [ 

giving Alsat) yit aaa: | 

2 1-72)? | 


Also  tan2iB-tan {(A+iB)—(A—iB)} 


(CH) (x-9), a 
aay UN ane C) | 


1 2iy | 
i | HE | 
| 
| y | 
i or tanh 25 — | 
|| TE?) Seta | 
1 
li ivin B= tanh™! 2 : e 
| | giving 2 n 1215? 
i l Hence tan"? (x-Hi)) 34 tan! = -F di tanh-1.—- Que - 
i —x?—y 1 4-x3--y* 
| Ex.4. Prove that 
"T 3 
f tan™ (#9) = 3i 4r +4i log tan (3: 
il 
i [ Travancore, *51; Lucknow, *56] 
First Method. Let tan-! (¢#) =A +iB. Then 
tan (A +B) =¢9t — cos #i sin 0, (1) 
and also i " 


tan (4—iB) — cos 0—i sin 0. (2) 
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tan (A+7B) +tan (A—iB) 

1 —tan (A+7B) tan (A—7B) 

_ (cos 0-I- sin 0) -- (cos @—i sin 6) 

~ 1—(cos 8 --i sin 0) (cos 0—i sin 0)? 
using (1) and (2) 


‘Therefore tan2A= 


2 cos 0 
" pe 
n (nr 4-37). 
Vs 242 nz-Fis. 
A-diur--im. 
Also tan (27B) =tan {(A+7B) — (A4 —iB)) 
. tan (A-FiB)—tan (4—1B) 
— 1--tan(A-+7B) tan (A—2B) 
(cos 6+7 sin 6) — (cos @—i sin 6) 
aaa 

(1) and (2) 


2i sin 0 
Tat? 

or tanh 28 «sin 9, 
e*B_e-°B_ sin 8 
Bie BO p 
By Componendo and Dividendo 

228  1+sin@  1—cos(m[2-r-0) 

2,38 — |—sn0 l-}cos (z|2 --0) 


or i sin 9, 


x "Or 


2s (7.5 "EX 
ai LET 2 
TU 
0 
ent (15). 


7 6 
“Therefore B=4 log tan (255). 
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Hence 
tan-1 (e82) =A+iB=4n7+4r4+hi log tan (7 


Second Method. Let tan”! (é9) =z. Then 
tan z «ef? — cos -+i sin 0, 


E 


NI 


) 


4 


gei —g-zt ao 
ee a fi 
or ieee) cos 0-Fi sin 6, 
ezt — ge-zl 
or Pam pal! COS 0 —sin 6. 


"Therefore, by Componendo and Di videndo, 
2zi — (l—sin 0) +i cos 0 [ 
2zi l +sin 8—i cos 9 
1 —sin 0--i cos 0 


or azi l= sin Bi cos 0 
1 --cos 0—i cos 6” 
Therefore 
2zi = log {(1—sin 6) +i cos 6} —log ((1-Lsin 6) 
—i cos 6} 
—log4/ (2—2 sin 0) +i tan-1 C95 0 
l —sin 9 
—log 4/(2 --2sin 0) +i tan-1 cos | 
1-+sin 9 | 
= f 1—sin 9) | 
-log /{ lus | 
| tan- 9 cos 0 29 
+7 ta :f( COS N Cos 
an T—sin 6" T4sin 0 / 1 ante 
fi -cos (5+0) 


= log 


L 1 =cos G + 6) 
titan fı an c +5)} 


f2 cost (T4 9 D) | 
tog /4 5 | asin (2 eal Hie) f 
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—log cot (E+) i (n4) 


=i(m +5 5) —log tan ( € 1H): 


Hence 2--tan! (e8i) — Mrz 4-17 4-31 log tan G #3): 


ExAMPLES 


l. Prove the following statements : 
(i) cosh 20 —2 cosh? 0—1 —1 +2 sinh? a [Poona, 1958] 
9 d 
D taning andicosh 2923 1 -Htanh? Gg 
] —tanh? 9 —tanh? 9 
2 2 tanh 0 
a 2 = enn 
(iii) tanh 20 [-Ltanhi 
(iv) sinh 30 —4 sinh? 9-3 sinh 6, 
and cosh 30 —4 cosh? 0—3 cosh 8. 
3 tanh 0 --tanh? 0 
1 --3 tanh? 0 
=cosh 2z--sinh 2z. [ Travan., 1947] 


(3) sinh 20 = 


(v) tanh 36= 


] +tanh z 
(vi) ]—tanhz 


(vii) Ce =cosh 120-+sinh 120. — [4ndhra, 37] 


tanh 0 
(viii) (cosh 0-Esinh 8)” — cosh nô sinh nð. 


= 


cosh?-? 0 sinh? 0+... . 


n(n—1)(n—2) 
3! 


(ix) cosh nO = cosh” jae E 


cosh?-3 6 


xsinh? 0-4... . 


(x) sinh n8 =n cosh" sinh 0-4 


(xi) sinh-*x- cosh-1 4/(1 Ha) = tanh : 


sinh (n-+1)u—sinh (n—1)u 


(sit) cosh (n--1)u-i-2cosh nu--cosh (n—1)u 
[Andhra, 1932] 


u 
-tanh- 5 


CC-0. In Public Domain: Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


94 HYPERBOLIC FUNCTIONS 
Ce Abt a tanh x— 0:75, find x. [Madras, 1931] 


3. Find limoso ; Su esent] 


B(cosh 8—cos 8)" [ Travancore, 1944] 


4. Show that 
(i) sinh7 (cot x) =log (cot x--cosec a) 


nah ao m eR a) 
(ii) log tan G +5) =2 tanh! (tan 7) 


(ii) log sec x 2coth-1 (2 cosec? x — 1), if — ge 
3. Separate the following into real and imaginary parts : 
(3) cosh (x y), [ Delhi, 1951] 
~ (al) cot (xJ-2)), [Alld., 1951; Baroda, 1952] 
(ii) tanh (x-+iy), [Agra, 1945] 
(iv) sec (x-7), 
(v) sin? (xiy), 
(vi) esin (atip), [ Mysore, 1945] 
6. Separate loglogi and log cos(x-Liy) each into real 
and imaginary parts. [Bombay, 1934] 


. 7. Break up the following functions into real and ima- 
ginary parts— 


(i) tan? (x-i) — tan (si), - - 
(ii) cosh log (x--iy) --cosh log(x—iy). [Andhra, 193 7] 


8. Show that the sum 'of the moduli of the values of 
(1-:4)144, which are less than unity, is 
(1/4/2)e8*/4 cosech r. [Lucknow, 1956] 
.9. Tfcosece94t-x. iy, show that 
e tan (cos 0) . MO i 
10. Prove that 


log tan (745) =? tan“ sinh x. 
[Banaras, 1954: Luck., 1968] 
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1l. Ifw and v are defined by the equation 
u-iv=tan(x-+1), 


where x, y, u, v are all real, express u and v in terms of x and y 

and prove that 

pardo cosh? y —cos?x 

WIPE — — e 
J cosh? y —sin?x 

12. Prove that : 


log cos(é+in) =A+7B, 


where A=} log {4 (cosh 27 --cos 2£)), 
and B is any angle such that 
cos B —sin B 1 


cos € cosh 7 “sin € sinh 7 — M (cosh 27 +-cos 22V 
18. If sin (4-FiB) 2x 4-iy, prove that 


2 


x DE LRR o 
C E l ene sin? A cos? A 


| 


[ Agra, 1959; Luck., 1967] 
14. Iftan y—tan a tanh B and tan z ^ cota tanh f, prove 
that : 
tan (y-+z) «sinh 28 cosec 2a. [Panjab, 1944] 
15. If tan(0--i$) sin (x-++2y), prove that 
coth y sinh 26 =cot x sin 20. : 
[Lucknow, 1964] 
16. If cos(a+78) =cos pi sin p, show that 
sin ¢ = sin? a= sinh? £. [Poona, 1957} 
17. If tan (A+7B) =tan 0--i sec 0, show that 
eB = + cot 16, 


and that An i46. [Lucknow, 1955] 
18. If tan (a-Hip) —x--i», prove that 
(i) 22-5? 4-2x cot 2a — 1, [Agra, 1953] 


(ii) a2-5*—2y coth 28-1 =0. [ Lucknow, 1964] 
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19. Ifcosh (u+iv) -x--iy, show that 
2 2 a 2 
xt 7? Na E 
——— L——- =l, and J 
cosh*u smnh*u 


cosy sm*o- 
[ Mysore, 1936] 
20. If sin (0-Lid) «tan a+isec a, show that 


cos 20 cosh 2f —3. [Lucknow, '66] 
21. Ifcos (x--iy) 2 cos 0-+7 sin 0, show that 
cos 2x--cosh 2y=2. [Lucknow, '63] 


22. Ifcos™ (a-Hi8) -0-Ligp, show that 
(i) a? sech? 6 HP? cosech? 4 — 1, 
and (ii) a?sec* 0—£? cosec? 0— 1. [Agra, 1957] 
23. Ifcos(0--i9) . cos (a-I-iB) — 1, prove that 
tanh? d cosh? f —sin? a, 
tanh? $ cosh? $ —sin*0. [Bombay, 1931] 
[Hint. Writing the given relation as 
cos (9-1-18) = 1/cos (a+7f), we get 


cos 6 cosh¢ —isin 0 sinhd = 2 (cos a cosh B-Fisin a sinh B)/N,(1 
where JV—cos2a-L-cosh 28. Also KA 


sin (9-16) —4/(1 —1/cos? (a HP. 
i sin 0 cosh $ +i cos 0 sinh $ =1 (sin 2a-+7 sin 98) N. (2) 
From (1) and (2), we get 
cos 0 cosh $ = (2 cos a cosh B)] JV (3) 
and cos 9 sinh ¢ — (sin 2a)] JV. (4) 
Dividing (4) by (3), then squaring and transposing, 
tanh?¢ cosh? B —sin? a. 
To prove the second result, write the given relation as 
cos (a +ip) = 1/cos (0-Lid), 
and proceed as above.] 
24. If [cos (a--iB)]2*ta — A +7B, show that 


a8 oq BIS sapag 
tan "LS log (cosh? B —sin? a) —p tan-i (tan a tanh 8). 


[ Mysore, 1932] 
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5 i a 5 
25. If cos”! (u-Hia) =a +p, prove that cos? a and cosh? B 
are the roots of the equation 


X*—Xx(1 4-u2 24-02) --u2 — 0, [Calcutta, 1938] 
26. TEKA 


ED where z=x-+iy, show that 


X-— const. represents a system of coaxial circles which cut 
orthogonally the coaxial system given by Y=const. 


[4. C. S., 1932] 


Given that x, y, u, v are all real and that 


X-Fiy — cos (u-L-iv), 


Dele 


prove that 
(1 x)? 45? = (cosh v-I-cos u)?, 
(1—2)? 45? = (cosh 2—cos u)2. 
Prove further that if «=cos 0, y=sin 6, where 0<6< T, 
then cosh 2 — cos 10-.-sin 40, 
. cos u=cos 10—sin 19. 
28. Show that if 
cosh™ (x---2y) --cosh™ (x—iy) = cosh7? a, 
then 
2(a—1)33-F2(a4-1))?—a*—1. [Bombay, 1931] 
29. Separate into its real and imaginary parts 
cos? (cos 0 -.-i sin 0), 
where @ is a positive acute angle. [Panjab, "44: Poona, '56] 
80. Prove that one of the values of 
kati ERE 
sin CX 6 
is cos7! (3/4) +7 log 2. : [Andhra, 1937] 


8T 
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it CHAPTER VII 


] EXPANSIONS OF TRIGONOMETRICAL | 
Il FUNCTIONS | 


| 7-1. Introduction. In this chapter we shall | 
i give the important expansions of some of the 
trigonometrical functions. To begin with, we | 
deduce those which depend on the results of the | 
next section. | 
7:2. Cos n0 and sin n0 in terms of z. Let 
£ — cos §-+2 sin 6. 
Then zz (cos 9-1 sin 0)1 —« cos 0—i sin 0. 
On adding and subtracting, we get that 
Z1£1=2 cos 0 and z—z—2i sin 0. (1) 
| Further, by De Moivre's theorem, | 
| z” — (cos 0-1-i sin 0)" = cos n0 -Hi sin n6, 
| 


| 

| oO So 

| and g”= (cos 0-I- sin 0)" — cos nO—i sin n6, 
|l where nis an integer. These give | 
| z242 "2 cos n9 and z"—z-" —9i sin nd. (2) | 


7-21. Expansion of cos”9. To express cos” 0 | 

wn a serves of cosines of multiples of 0, when n isa | 

positive integer. | 

| | From (1) of $ 7:2, we have | 
| (2 COS (yo (z-Fz 1)? 


] 
I 
| PANGALANG CUD pem 2 g 
| | = (P47) HG (ef) À 
| , HG (22-4 LAMAN 4... | 
| | 
i} | 
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on rearranging the series, taking the first and the 
last terms together, then the second and the last 
but one, and so on. Hence, on using (2) of § 7:2, 
we get 


| 
| 
| 


(2 cos 0)" = 2cos n0--2n cos (n—2)0 
+2 Mr Deos (0-4)01... 
or 27-1 cos” 0 = cos nð +n cos (n—2)0 
|, A(n—1) 
Tap cos (n—4)0-L... . (4) 


The last term of this series will assume different 
forms according as z is even or odd. When z is 
even, there will be an odd number of terms in (3), 
and the last term of (4) will be the (4n-+1)th term 
of(3). Hence, when z is even, the last term of (4) 
wil be $*C,,. When n is odd, the number of 
terms in (3) will be even, and the }(n+1)th and the 
$(n--3)th terms of (3) will form the last term of 
(4). Hence, when z is odd, the last term of (4) 
will be "C,, 4,4 cos 0. 
pa Ex. 1. Expand cost? @ in a series. of cosines of multiples 
(0) U. 

We have | 
(2 cos 0)19 = (z --z-1)10 
=z +1028 1-452 119024210224252 

F-21027? --120271 1452-6 410278 42-10 | 
= (210 +2710) 4-10 (28 k28) -1-45(28 4-275) 


"120 (24 4-273) 4-210 (2241-272) 4-959. 

=2 cos 104-120 cos 88-1-90 cos 60-1240 cos 40 
+420 cos 20 +252. 
Hence 
cos!? Q = (1)? [cos 108+10 cos 80-1-45 cos 60 
4-120 cos 40--210 cos 20 2-196]. | 
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Ex. 2. Express cos?0 in a series of cosines of multiples | 
il of 0. E [Annamalai, 1947] | 
! Here 
| (2 cos 0)? =(z+z274)° | 
| —49-L9277 11-3675 +. 8423-1 1262-++ 1262-1 ++ 8427? | 

#36275 9277 23 | 
= (2-279) #9272) +362" +2") 

^E B4 (3-279) --196 (2 --271) 

—29 cos 901-18 cos70 +72 cos 50 +168 cos 384-252 cos 0. 


Hence 
cos? 0 — (3)8[cos 90-9 cos 70-36 cos 50 
+84 cos 30 4-126 cos 6]. 
7:22. Expansion of sin" 0. To express sin" 0 
in a series of sines or’ cosines of multiples of 0, when 
n is a positive integer. 
We have from (1) that 
(2i sin 0)" = (z—2-1)" 
n(n— ; 
EP HP tese) 4r gt (—2z1)?4... E. 
OPM) ə; m A 
LE (JAENA 
Han) 
The sign of the last term in this series depends 


upon whether n is even or odd. Hence we take up 
the two cases separately. 


Case l. Let n be even. 

In this case 

(reu. (gen eer 9 enel YO ne 
2^ and 1? = (—)n2 
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The equation (5), therefore, can be written as 


Nf NAAN A — rn 42-9 (om 
Qh( —)"?sin?* 9 — z^— nz ESL = 


+ il DEA nga em 


= (z^ Ez?) —n(z2-3--z--») 


-1 
Pia Despen 


=2 cos n0—2n cos (n—2)0 


n(n—1) 
+2 ].9 Cos (n—4)0 
Hence, when n is even, 
25-1(—)"? sin? 0 — cos 10—n cos (n—1)0 


à a ET We (n—4)0—.... (6) 


. 2 


It is clear that the last term here will be half 
of the (3n--1)th term of (5) and this is easily seen 
to be nG)? o ^ C ja: 

. Case II. Let n be odd. 
In this case 
(—4 Xen (=e) =z", andsomon; 


and 
it = i. a -i(- eae, 


The equation (5), therefore, can be written as 


—]1 
2n; i(— )eee sin^0— E n ng a in bong NG 
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= (2-2) —n (A) 
, i(n—1) 
PNE 

= 27 sin n0—2ni sin (n—2)0 


+972 ae sin (n—4)0 


Therefore, when z is odd, 


21(--)@DP sin” 9— sin nO—n sin (n—2)0 


a sin (2—4) 


( gra AI) 


The last term fin this series will be half the sum 
of the 3(n--1)th and 3(n4-3)th terms in (4), i.e., 
(ere PC in- sin 9. 


Ex. l. Express sin? in a series of cosines of multiples 


of 0. 
We have 
(22 sin 0)8=(z—z-1)8 
=z? — 825 --2821—562? -- 70 —562-2--282-4—82-9.|.2-8 
= (22 +278) —8 (26 +276) +28 (24 4-274) —56 (2?-Ez72) 1.70 
=2 cos 86 —16 cos 60-1-56 cos 40—112 cos 20--70. 
Since 18— (i24 — (—)4— +], 


we get 
; 1 i 
sin’ 0— Da [cos 80-8 cos 60-1-28 cos 40—56 cos 20435]. 


Ex 2. Express sin? Ó in a series of sines of multiples of 0. 
Here 
(2i sin 0)? = (2-29 
2292713625. 8423 + 126z— 196271 
+ 84278 362-5 1 92-7__ 7-9 
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= (8 —2 9) —9(z? —277) +36 (z5 2-4) 
—04(23—2-3) --126(z —z-1) 
—2i sin 90—18; sin 70-+-72: sin 50. 
— 168i sin 301-259; sin 6. 
But 25 i(i2)4 E 
j Hence 
zin? 0 = ($) [sin 90—9 sin 70-1-36 sin 50—84 sin 30 -+126 sin 6]. 


723. Expansion of sin"60 cos"0. The 
method of the above sections can also be used to 
expand expressions of the form sin" 0 cos" 0. We 
illustrate this by an example. 

Ex. Expand sin? ô cos? 0 in a series of sines of multiples 
of 0. 

We have 

(2i sin 0)?(2 cos 0)? = (2-27) (242793. 

To obtain the coefficients of the various powers of z in 
the last product, we first write the coefficients in the expansion 
of (2-271)? and then multiply by (2-271) three times in 
succession, as in the following scheme* : 


Io — 11 219835 35 —21 7 -1 


Eo — 63 1414. 0 14 —14 6 -1 
1 =5 8 0 -14 14 Q0 —8 5 —I 
| o 9 8 -14 0 14 —8 —3 4-1 
giving 
(z—271)'(z 4-z71)3 210428 13294824- 1427414228711 
— 326 |. 42-82-10 


*The numbers in the first row are the coefficients in the 
expansion of (g—z71)? in descending powers of z; those in 
the second row are the coefficients obtained by multiplying 
(2-271)? by (z+z7) ; those in the third row are the coeffici- 
ents obtained by multiplying 12-271)” by (2-42): and those 
in the fourth row are the coefficients obtained by multiplying 
(2-22)? by (z--z-)*. 
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= (20 7-10) —4(z8—z8) 1.3(26 2-8) 48(24-29) 1 
(& zio) ( )4 k ma : 
—9isin 100 — 8i sin 80-L-6i sin 60 +167 sin 40 —2 87 sin 20. 
Since i? = —i, thercfore we get that 


sin? cos? 0 — —(4)®[sin 100 —4 sin 80 -3 sin 60 -- 8 sin 49 
F —14 sin 26]. 


Nore. It may be noted that the expansion of sin? 0 cos? 0 
will be a series of cosines or sines of multiples of 0 accord- 
ing as m is even or odd. 


EXAMPLES # 


l. Prove that 
(i) cos? 6— 3[cos 30-3 cos 0] 
and (ii) sin? 0 — —1[sin 30 —3 sin 0]. 
2. Prove that 
(i) sin? 0— (3)? [cos 40 —4 cos 20-3]. 
and (i) cos? 0 — (4)? [cos 40 +4 cos 20 --3]. 
3. Prove that 
“16 sinë 0--sin 50—5sin 30--10sin 9. [Andhra, '52] 
4. Prove that 


32 cos? 0 — cos 6-1-6 cos 4-1-15 cos 20-10. 
- [ Madras, *46] 
5. Prove that 


cos? 0 — (3)8[cos 70-47 cos 50-21 cos 30-1-35 cos 9]. 
[ Delhi, 1962] 
and sin? 0 — —(4)9[sin 70 —7 sin 50-21 sin 30 —35 sin 6]. 
6. Prove that 
64(cos® 0-I-sin8 0) — cos 80-1-28 cos 40-35. 
7. Express cos! 9 sin? 9 in a series of sines of multiples 


of 8. [ Zravancore, 1947] 
8. Express sin? 0 cos? 0 in a series of sines of multiples 
of 0. [Banaras, 62] 
9. Express sin? 0 cos? 0 in terms of cosines of multiples 
of 0. [Lucknow '68] 
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10. Express.cos? 0 sin? @ in terms of sines of multiples 
z [ Travancore, *51]. 
ll. Expand cos @ sin? @ in a series of sines of multiples 
of 8. [ Agra, 1941] 


of 8 


7:3. Two important expansions. We shall 

now deduce two important expansions, viz. 
1—r cos 0 
mene co JL L2 9 
(= ores ge ] --r cos 9-7? cos 26-4... 
+r” cos nü-4-... (1) 
r sin 0 
and 2. aS eens tq 
ESOS DEUS rsin 9-7 io 20-1... 
-Er*sinaz8--.., (2) 
which will be found to be very useful in getting 
the expansions of cos nÜ and sin n9 in powers of 
cos 0 or sin 0 (§§ 7:41, 7:42, etc.) 

We first note that the series on the right of (1) 
and (2) are both absolutely convergent when the 
positive value of r is less than unity. This follows. 
from the Ratio-test of convergence, keeping in 
view the fact that 

[cos nð |< 1 and also | sin n8 |< 1. 

We shall give two proofs for the expansions. 

First Proor. We have to prove the truth of 
(1). Now when we multiply each side of (1) by 
1—2r cos 0-2, we see that we have to prove that 
1—r cos 0 — (1—2r cos 0--12) (1 +r cos 0-7? cos 20 

4.7? cos 10-4-...). (3) 

If we now perform the multiplication of the 
two expressions on the right, we see that 

the term independent ofr is l, 
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the coefficient of r is —2 cos #--cos 0 — — cos 9, 
and the coefficient of r” (251) is 


cos 10--2 cos 0 cos (n—1)6-+cos (n—2) 0 — 0, 
since cos n0-l-cos(n—2)0 —2 cos (n—1)@ cos 0. 
This establishes (3) and consequently (1). 
To prove the second result, we should show 
that 
r sin 0 = (1—2r cos 0 4-7?) (r sin 04-7? sin 20 4-...). 
On performing the multiplication on the right, 
we see that 
the coefficient of r is sin 6, 
and the coefficient of 7” (n51) is 
sin n0—2 cos 9 sin (n—1)0-I-sin (n—2)0, 
which is zero. Hence the proposition. 
SEcoNp Pnoor. The infinite series 
a 1+z-++2?-+... 
converges if the modulus of z is less than unity and its sum 
is, on taking z=r(cos 0-|-: sin 6), 
N8 UE t 
l—z 1-71(cos Hi sin 6) 
~ 1-7 cos 0 --ir sin 0 
— (1—rcos 0—ir sin 0) (1 —r cos 0i sin 6) 
1—r cos 0 --ir sin 0 


— 1=2r cos 0-7? 


"Therefore 
NAH. ERI. 
] —r cos 0 --ir sin 0 3 
=y O] 
If we now use the fact that 
£^ —T^(cos 0-47 sin 9)” Z1? (cos n9 -+i sin n0), 
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and equate the real and imaginary parts in (i) we arrive at 
the expansions (1) and (2). 


6:41. Expansion of cos n0 in a series of 
descending powers of cos 0. 


From (1) of 7:3, we see that 
cos nô = coefficient of 7^ in (1—r cos 9) 
x (1—2r cos 0--r?)1 
= coefficient of r” in (1—27 cos 0--7*)1 
— coefficient of r”! in cos 0 (1— 2r cos 0-7?) 1. 
But 
(1—2r cos 01-72) = (1—7(2 cos 0—7))t 
=1-+7(2 cos 8—7) 4-7? (2 cos 06—7)? 
-Fr*(2 cos 0—r)” 
It is clear that the term 
1" (2 cos 6—r)*, kn, 
will involve terms containing r4, 1, etc., and 
the coefficient of 7” 
in r^(2 cos 9—7)" is (2 cos 9)”, 
in r-1(2 cos 0-1) is —(n—1) (2 cos (ee 


| - f 9M 
| in7"2(2 coso qe te ae (2 cos 8)'44, 


and so on. 


Hence the coefficient of 7? in (1—2r cos 8--12)1 
is (2 cos 0)”— (n—1)(2 cos py? 


| (n—2)(n—3) mr 
Wee e (2/6080) Es 


il 
tee. 


and accordingly the coefficient of 
7-1 in cos 0 (1—2r cos 94-12) 
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is cos 8 {(2 cos 8)"-1 (n—2) (2 cos 8)"3 | 
| n—3)(n—4 T 
| UE cos 0)"-3—...), 


i.e., ${(2 cos 0)"— (n—2)(2 cos 0)"-? 
Bees a I... 


It follows that the coefficient of r” in 
(1—r cos 0) (1—2r cos 0-1-7?)-1 is 


[(2 cos 8)"— (n— 1) (2 cos 0)" 4- —— 1 
x (2 cos 0)*-4—...]—3((2 cos 0)" — (n— 2) (2 cos)" 
QUEEN (2 cos 8)"71 — ...] 
= $((2 cos 0)" —n(2 cos 0)"-? 
(2 = C= NE cosQ \"-4 
= 3[(2 cos 0)"—n(2 cos 0)"-? + {n(n—3)/2!} (2 cos pren 
Hence 2 cos n9 = (2 cos 0)”—n(2 cos 0)"-? e. 


-+{n(n—3)/2!(2 cos 0)"-4— .... (1) 
the general term being 
en r—1)(n—r—2)...(n—2r--1) 


^ ———— (2 cos 0)"-?'. 


The series on the right-hand side will continue 


so long as the powers of 2 cos @ are not negative. 
The last term will be 


(Sx) 2n (2ieosr 6) on (-) 2.2, 
according as z is odd or even. 
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7:42. Expansion of sin z0/sin 0 in a series 
of descending powers of cos 0. 


The equation (2) of $ 7:3 can be written as 
(1— 2r cos 0H19)1- Sima (sin n@/sin 6). 
n=] 
This shows that (sinn@/sin@) is equal to the 
coefficient of 7” in (1— 2r cos 04-7?) 1. 
But 
(1—2r cos 94-1?) = (1—7(2 cos 08—7))1 
=1-+7(2 cos 0—7)--7*(2 cos 0— r)?-r... . 
+r™-1(2 cos 9-7) TA... 
As in § 741, the coefficient of 141 
in 7"-1(2 cos 0—7)?-3 is (2 cos 0)", 
in 7"-3(2 cos 0—7)*-? is— (n—2) (2 cos AS 


in "(2 cos 9—7)" is PIDO (9 cos ges, 


and so on. Hence 


sin n0 _ 2 cos 0)"-1— (n—2) (2 cos 0)"-3 
7 ( 


n—3)(n—4), FEE 
ESSERE S COS 9) Fang 


the gencral term being 


(n—r— l) (n—r— 2)...(n— 2r) aout 
(—1) a : (2cos (cU 
and the last term being (--)” ?-!(1 cos 0) or (—) 
according as n is even or odd. 


(n-]) 2 


7-43. Expansion of coszÜ in a series of 
ascending powers of cos . 
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jl As in $ 741, cos mÜ is the coefficient of r in 
| (1-7 cos 8)(1--2r cos 6-472), 1.e., 
Wi =(the coefficient of 7” in (1—2r cos 6-4-73) 
- the coefficient of 1"-1 in cos 0 (1—2r cos 0--7?) 1]. 
| But (1—2r cos 0--7?) 3 
= (1-Er(r—2 cos 0)) 
=1—r(r—2 cos 0) +72(r—2 cos 0)?—... 
| 3E (—)mm(r— 2 cos 8)"-4-... . (1) 
: Two cases arise. 

Case I. Letn be even. 

The first term which will contribute to 7” will 
be that for which m=4n and there will be contri- 
butions due to the other terms that follow. 


Thus the coefficient of 7” 
in (—)?2;*?(7—2 cos 6)"/? is (—)"/?, 
in (—)”2+17"/2+1(7_9 cos 9)" +1 is 


( een! a cos 0)?, 


Tat (—)m/2+2ym12+2(7_9 cos 0)"/242 is 


(jeer ta?) ee) ne 2) (4n-+2—3) 
POG 3 4 


x (—2 cos 6)4, 
and so on. 


This shows that the coefficient of 7? in 
(1—2r cos 01-72) is 


(—)n2]1 MAE) cost 0 
it More qe) cos 6—.. 
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Again the coefficient of 7"-1 
in (—)"/2;"!2(y—2 cos 0)? is (—)"? . 3n(—2 cos 0) 
in (—)*292/24 (7— 2 cos 6) "2" is 
--1—I)($n--1—2) 
] 32583 


(— uen (324-1) (in 
x (—2 cos 0)’, 


and so on. Hence the coefficient of 77+ 
in cos 0 (1—2r cos 0--7?)-1 is 

MP 2 (n--2)n (n—2 ) 49 

(-) |n cost 8. rg g 905 0 s]: 

If follows that the coefficient of 7" in (1—7 cos 0) 
x (1—2r cos 9-72) is 

E n(n--2) on (n4-4) (n--2)n(n—2) 
GR = me oA 


x cost 8—..]. 


Cn cos? 0— = 0+. =] 


D 
=(— w cos? pA EAT a 2) cost 6—..., 
giving that T 
(—)"I? cos n8 — 1 — cos? seem cos 9-... 
he 2 91-1 cos? Q. (2) 

when 7 is even. 

Case II. Let be odd. 

The first term in (1) which will contribute to 


r” will be that for m=4(n-+1) and there will be 
contributions from other terms also. 
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Thus the coefficient of 7” 
E (=) eile teenie (y— 2 cos p) (mele 
is (—)224(n-+1)(—2 cos 0). 


Sa (SP. cos goma is 


(—)em $(n+3) . m E KCE 2 cos 0)?, 


in (— jeng (7-2 COS gy" 5p 2 1s 


cus [o 3013-9) - susce duced loma $(n—3) 
(= ) ED S. 


x (—2 cos 8), 
and so on. 
Thus the coefficient of 7” in (1) is 
(—) iP? 3(n4-1)(—2 cos 9) 
cusa 301-3) ee son 2 cos 0)3-- 


EC) 
(= yassi yon (12-5) AN Na sere: : 3(n—1). 3(n—3 ) 
I 350 ED GEO] 
x (—2 cos L8) L... 5 (3) 


The first term giving 7”! in (1) will be from the 
term for which m=4(n—1), so that procecding 
as before, the coefficient of 7"-1 in (1) is 


(PP yen ng UD SEEN 2 cos 0)? 
wisyo $0173) - ier). 50-1). $(n—3 
«(yen EecED BEY) Mo 1 3065) 
x (—2 cos 0) 4- 


If we multiply this by —cos 9 and add to (3), 
we find that the coefficient of 7" in 


(1—r cos 0) (1—2r cos 0-1?) 
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is (—)9-?7? cos 0 (n--1—1) 
desea d paca 3) (n2— 12) 


| 
: 
i 


AG t et ice 215 68-69) 3 s. 


= (—) 9? n cos QE m cos? 9 


ut E D cos? 0—...]. 


It follows that, when z is odd, 


n(n?— 1?) 


(—)'*-)? cos n0 =n cos 0ü— 
_ n(n?— 12) (n?—3?) 

! 51 
SEC cave 97-1 cos” O. : (4) 


cos? 0— 


7:44. Expansion of sin n0/sin 0 in a series 
of ascending powers of cos 0. 


As in $ 7:42, sin n6[sin 0 is the coefficient of x-1 
in (1—2r cos 0 1 AA), 


| 

| i.e., in {1 +r(r—2 cos 0)}=, | 
i.e., in 1—r(r—2cos 0) --r?(r—2 cos 0)*—... | 
SIEG ar 9» COS O) cao o (1) | 


"We have to consider two cases. 


Case I. Let n be even. 

The terms in (1) contributing to 7"! will be 
those for which m=4n, Intl, $n-F2, etc. "We 
see here that the coefficient of 
in (—)*2r™/2(7—2 cos 0)” is (— )"? . $n(2 cos 6), 
in (eo Bon nou m cos (tern 1S 

9T 
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( yea DO) (in— D) (Ecos) 


(p8 (r— 2 cos Gy mize is 


P (oye ED roD e) e - De 
x (—2 cos 0)5, 
EM these, we find that, when 2 is even, 
(-)024 ann? cos paa cos? 9 
ee cos? 0 
4 ("1 (2 cos 6)" (2) 


Case II. Letn be odd. 

“Here the first term that contributes to 77-1 is 
that given by m=4(n—1). We have therefore to 
add up the coefficients from this and the succeeding 
terms. We find this sum to be equal to 


(— eni Code DEDI cos 6)? 


yen dd 0--D40— 309) 
4! 
x (—2 cos 0)4-....--(—2 cos 0)". 
Hence, when 2 is odd, 
_ Wes 3 sin 29. PAP $ 
(=) cd aT COS 0 


3 (PI) Xing cos! @—...+(—)'*-Y/2(2 cos 0)*-1. 


4 | 


(3) 
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7:45. Note. It is easily seen that the series deduced 
in § 7:43 and § 7:44 are the series of 5 741 and $ 7: 42 respec- 
tively written backwards. 


746. Expansions in series of powers of 
sin 0. 


If we put z—0 for 0 in (2) and (4) of $ 7:43, 
and note that 
cos (47—8@) =sin 6, 
cos n(47—@) = (—)"I? cos n0, n even 
and cos n(47—0) = (—)-"? sin nd, n odd, 
we obtain that, Hinga nis even, 
92) 


cos 19-1-- sin? p ELS 


T I 
5 sint 0— ... 


mo NG [292-5Sin O 
and that, when n is odd, 
sin n#--nsin 0— ” 


x sin @—...+(—) "D2 271 sin” 9. — (9) 


Similarly, putting $7— 0 for 0 in (2) and (3) of 


§ 7:44, we have, since 

sin n(47—0) = (—)?/?* sin n6, n even, 
and sin n(47—0) = (—)"-?? cos nd, n odd, 
that when 7 is even 


sin 29 ; n(n?— 2?) 


2. 42 
=n sin 9- sin? 0+ a C 
cos 0 ! 


x sin? 0—... + (—)"241 (2 sin jd (3) 
and when z is odd, 
(n2—12) 
cos 710 = cos af aka at OH ——— 
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xsint 8—.5.(—) 9? (2sin 93). (4) | 
Ex.l. Find the value of | 
cos 0 cos (8-+-27/n) cos (0 --4m[n)...cos {0+ (2—1)27/n}. | 
We have seen that (§7:43) | 


nn2— 1°) E a (2 — 1) (n? —3?) 


—1)/2 ys 
nc m SI c3 weet (—)@ )/2 9m-1 on | 
= (—)@-4re cos ng | 
and | 
2 22—92 | 
l 7 ca It n 2?) 3. + (—) 2/2 2n-1en — (—)n/2 cos n6, 1 


according as n is odd or even, where c=cos 0. | 


These give cos 0 when cos nd is given. But 
cos nO — cos (19-27) =cos (n0 +4r) =..., | 
i.e, cos nÜ remains unchanged when @ is increased by a | 
multiple of 2r/n. Hence these equations would also give | 
cos 9, cos (9-2r[n), cos (8 -I-4a[n), ... cos (0-I-(n—1)9«]n), | 
nic cos (0 --2mr[n), where r=0, 1, ..., —1. 
For other values of r, the angles are repeated. 
From the theory of equations, 
cos 0 cos (8--27/n) cos (0 --4m[n)...cos (6 --(n—1)2In) 
“product of the roots, and therefore it is equal to 
—)a-1/2 
ae ie., cos 6/21, if n be odd, 


]—(—)?^? cos n0 . 


and (—)982n3 » Le., (3) 1[C—)2/2— cos n0), if n be 


even. 
Ex.2. Prove that, a | 


gts INa3 (1. 3Na5 
lym SNZ mz il 
SIC :4(5) 3 +(5 : 3) Gy ine 
We have seen that 


2 12 2. 12(y2. 32 
sin 0n sing— V — ] ) insa j ne) E t Nha 


31 ap 59 


| 
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n303 n50 — 
Also sin n0 — n0 FT gr SI 


Equating the GOES of n in the. two expansions of 
sin n9, we have 
1 2. 32 


3 A 
ps du 3 ki sinë 0L... 
0 —sin0 + 3 p 6 ;j sin 0 H 


Bu rds Se 
eee aya” 
Put sin 0 =x, so that @=sin7! x. 


5 5 
Then ice (rst j 


EXAMPLES 


=sin 0--i. 


Prove that 
1. sin 40 —sin 0 [(2 cos 8)3--4 cos 6]. 


2. sin 50=sin 8[(2 cos 0)! —12 cos? #21] 
=5 sin 0—20 sin? 0-16 sinë 0. 


3. 2 cos 69 = (2 cos 0)9 —96 cost 8-+36 cos? 0—2 
4. 2 cos 70 — (2 cos0)* —224 cos? 0-1-112 cos? 0— 14 cos 0. 


5. sin 80 — cos 6[8 sin 0— 80 sin? 0-192 sin’ 8 —128 sin" 6]. 
- [Luck., *63] 


6. cos 98 =cos 0 [l —40 sin? 6-240 sin* 0 ` 
—448 sin 0-256 sin 0]. 
7. Prove that 
cos 110 
cos 9 
where x=2 cos 26. 


= 15 — 44443 13x21 34] | 


8. Express cos 70in terms of cos 0 and show that cos (m/7) 
is a root of the equation 
833—434? 4x41 =0. 
What are the other roots of the equation ? [ Andhra, 1931] 
9. Prove that 
1 «Ecos 100 = 2(16 cos? @—20 cos 0-1-5.cos 0)?. [Luck.,*55] 
10. Expand cosn9 in descending powers of cos 8 and 
hence show that : 
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| 1l. 
| 12. 
13. 


16. 
i Gin 
17. 


18. 


19. 
20. 


1. 
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3a Sa 9n-1 1 
COS = COS 7 COS «COS — — 7I — cz-17»* 
4n è Àn 4n 2n-1* 


Find the REM. of 


sin 0 sin (0-+-2z/n) sin (8 4-4«[n)...sin (0 -- (n —1)22/nj. 
sec 0 --sec (9-+27/n) sec (0-+477/n) +... to n terms. 


cosec? 0-|-cosec? (01-227) --cosec? (0 +-47/7) 

+... to m terms. 
sec? 6-+sec? (8-+27/n) sec? (8-+-47/n) +... to n terms. 
Prove that 
2 sint@ 2.4 sin90 


50 =5sin? +5. Te a g Der 
Prove that 
J= go a pd ma baga. 


Find the ka " 
NGI? (2212) (n2329 1 
att 41 “92 


++ (—2) 0-0/2, 


when z is an odd positive integer. 


Prove that when n is odd 


V2 cos dm =  —) cnp 10719 y 


2—13) (n2—32 
pa E diay sik 


[Hint. Put #-3rin (4) of § 7°43] 


Expand cos? n9 in ascending powers of cos 6. 
Prove that 


sec 9-1-11 sin? ou sint Ot... . 


i EXAMPLES ON CHAPTER VII 
f 


64 cos? 0 sin* 0=A cos 70+-B cos 58-+-C cos 30+D cos 0, 
find the values of the coefficients 4, B, C, D. — [Lucknow, 1956] 
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2. Prove that 
2 cos n0 = (2 cos 0)? —n(2 cos 0)n-? BO (2cos 8)#-4-.... 


from the identity p?+4"=(p+q)"—n(p+q)™ pa 


n(n— 


+ SO (s -4-q)n-Aphg? —... [ Travancore, *40] 
| 3. Express cos89 in powers of cos @ and express cos? 9 
| as the sum of cosines of angles which are multiples of ô. ` 
| 4. Prove the identity 


| (1—cos140)(1—cos 6) _ KAY) 
| (1 —cos 26) (1 eese co539:72 6524 1C AO 


5. Prove that 
0 sec 0 — sin 0-3 sin? 0425 sinë 0-... . 


| 6. Prove that 


sin x 2.4 
Wie meo cR 


| [Hint. Putsin 9-xin Q. 5.] 

| 7. From the identity 

| Ara 1 
n = ee ee E e 

cos” 9 (cos n0 —1 sin n0) (Dian 0 

| prove that 

| cos” 0 cos nO = i tan? 9 


quf NG ht poeta 
9, 
and cos? @sinn@ =ntan 0— eS ext 6+... 
8. Prove that 
c ninl A 


| n=0 


[Hint. Put 0-76 in the result of Q. 15, p. 118.] 
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9. Prove that 


tani J= ET Fes HUN (a) +). 
Pap) t7] 
Ex Put 0—tan^! y in Q. 5.] 
10. Expand sin? n0 in ascending powers of sin 6. 
- 11. Find the sum of 
tan? 0-I-tan? (0+27/n) --tan? (0 --4z[n) +... to n terms. 
12. Find the sum of the products, taken two at a time, 


of expressions of the form sec (8 --2rm[n), where r has all 
values from zero to n—1. 


18. Prove that 
28 sin? 0-Lsin 70 
28 cos? 0—cos 70 
14. Show that 21? cos!? 0 —cos 130 is divisible by 
(1-2 cos 20)?. 
15. Prove that if m be even 
Eos ODE Ai tm exo sim cos? 9 


GA e (m--2) à 


—tan 0 tan? (9-17) tan? (0 —17). 


0539. 


Mas Deed --2) (m--4) 
ierit. ^ 


—...-+(—)™/2(2 cos 0) ml 


cost 0 
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EXPANSIONS OF TRIGONOMETRICAL 
FUNCTIONS (contd.) 


8:1. Expansion of e cos bx in a series of 
ascending powers of x. Using Euler’s theorem; 
we have 


e cos bx — e** , X (ei*s gibo 
= P [etestbye se gtacto)]- 


Expanding the exponential expressions on the: 


right, we have 


e cos bx = if l+(a E } 
+{1+ (a— ib). Ho] 
=}[2 e(a Hib +a—ib) 4-8 (a tbi) *4- 


(a—ib)% Ha f(a ib)" + (aid) +1. 


Put a=r cosa and b-r sina. ‘Then the coeffi- 


cient of x” in the above expansion is 


(1/2 . n!)[{r(cos a+-isin a))^-- (r(cos a—isin a))”] 
= (142. n!) [(cos a-Hi sin a)"-+ (cos a— sin a)"] 
= (r^|9 . n!) [cos na +i sin na+cos na—7? sin na), 

by De Moivre's Theorem 
= (r”/n!) cos na 


= (a2-+b2)"/2(1/n!) cos (n tan (b/a)}, 


for 7? —a?--0? and tan a= bfa. 
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Hence 
az cos b 3 4 (a +b2)” cos (n tant a 
e47 cos 0x = zi z 


| n=0 ` 
8:2. When sinx=n sin (xa). If sinx= 
nsin(x-+a), to expand x in a series of ascending powers 


of n, where n is less than unily. 


Here A 


et git = pee =a KAN 
94 TA 
gia] = nle? st —e), 


Or ge (1—n4*) =1—ne™, 
— ng * 
E E. Eee A 
1— ne ` 


Taking the logarithms of the two sides, we have, 
since |n|< 1, 
Dix =log (1—ne-) —log (1--ne) 
= — ng — 3 ghe 20 — be BO... 
ngi" n?e ANI... 
—n(e* — e) + 4n? (p2) 
48 (63! B3)... 
=n(2i sin a) -- 39? (2i sin 2a) + 51? (2? sin 3a) +... 
o x=n sin a+4n sin 2a+473 sin 3a+.../ (1) 
It is assumed here that x lies between 7/2 and 
—7/2. If not, we take log, 2ixto be equal to 2xt-+ 2knt. 
The right hand side of (1) will then be equal to 
X--km, where k is such that x--km lies between 7/2 


and —7/2. 
8:3. Whentanx=ntany. Iftanx=n tany, to 
find a series for x. _ [Lucknow, '63] 
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i 

Here | 
gat ent gi? — eg | 

c Tr 

e Nga e He ty? | 

pai rfi | 

Or pa EN i Try Sn | 
j 

Therefore f 
f 

1 


sat (A0)? Tn 
e = (1—n)e--1-n 
1 me? 


thy l ; ]—n 
= ety. where MGA 
Tame? ]--n 


Taking the logarithms of the two sides, we have 
2xi =2yi --log(1--me-?*) —log(1 met) 

= Qyi—m (et! — gv) Him? (eit — gat) e 
Hence 

x=y—msin 2y--3m? sin 4y— jm? sin 6y 4-... - 
Ex. 1. Prove that 


eos 8 --X? cos 30 -+44 cos 59-..., 
when —1«x« 1. : 
Writing the expenential values of cos 0 and cos 20, we have 
(1—32)cos ð — (1-441) 
1—2932cos 29 Fat Qf] —xPe2@t —x%e28t 4] 
(1-2) (c8 -1-6795) 
TOO LA) (Tat) 


ebi e70: 
F a att Da ] 
-gpe —x2¢26t)-2 be 6i(| —a37260)-1] 


ze L20 e204 1 47101 aest...) 
“fe (1 aste 26-4 80406...) 


NE LM——————————« 
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=} (e8t e781) +x? , 1 (6361 25-961) 
E. Lat. £(e58t 1 ¢50t) 4. 
=cos 0-I-X? cos 30 -x4 cos 50+... 


Ex. 2. Expand log (1-Hx-x2) in powers of x when x is 


'small. [Annam., *34] 
Solving E 24x1 —0, we have 
x= mo 1 we 
F a/3 M3 
dre "(182-21 or =| pie 
Therefore 
E 


whence 


log (1 +x +3?) «log { 1 Hati F 


ES 
og 
—S 
a 
S 


| -Hlegi 1+ pio. 
i Cyl pus ees | 
| E 

| Honea] 

|o fene eem aye 


Te(-—1)à NG P Ha ey pea. c 


| - The coefficient of a? in s above expansion is 


| CURE 
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E 1 n 
s(-))01 jl "(ees —isi 7) | 
x l 
L(—lDsa i [0057 — +isin A rests isin | 
SIGN! PE E 
-(—1pa Z cos” "m 
Hence 


log (1--x-Ea2) =X (ope? cos E xt, 
= n 
Ex. 3. Ifa, 6 and c be the sides of a triangle, C the 
angle opposite to c and b<a, show that 


2 


b b2 b3 
log c =log a—- cos C—5— cos 2G— — cos 3G—... 
a 2a* Sa3 


: [Lucknow, '61] 
In a triangle, we have 
c? =a? --5* —92ab cos C. 
Hence t 
2 —a*- ED? —ab (et en Gt) 


-a?[! -2)(1 20-0), 
a a 
Thus 


2 log c=2 log a-Hlog(1 2c ) Hog(1 2a) 


b b? 3 
= loga— «Ct --e- C1) mor sen ae 
a 


b b? 
log c = log a—- cos C— 5 008 2C—... 
a 


This gives a series for the logarithm of the third side, 
when two sides of a triangle and the included angle are 
given. 


EXAMPLES 
l. Expand e42 sin bx in ascending powers of x. 


. 2. Ifsin 0—x cos (0--a), where |x] <1, expand @ in a 
series of ascending powers of x. [Lucknow, '63] 
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3. If tan 10— 2 tan = and 0, a are acute, prove that 


4(0—a) —4 sin ats 3i sin 2a trar z sin 3a. 4-... 


4. lIfcoty-cotx-|-cosec a cosec x, show that 


sin? a, sin? a 
y=sin asin *— 2 n 2x4 eg sin DX 


5. Prove that, ifx< 1, 


|| — 1 x (2x* cos nd). [Banaras, 1951] 
6. Prove that, if x« 1, 
x sin 0 


somos =x sin a? sin 20 4-3? sin 30-++.. 
= + 


ao '57] 
7. ‘Show that 
l 


i Ifecosa 4/(l—e3) a 
| where e(l +m?) 22m. 
| 8. If —l<x<1, expand log (1--2x cos #-Hx2) in a series 


2m cos a-H2m? cos 2a—...), 


of cosines of multiples of 6. [Agra, 1945] 
9. Expand in an infinite series 
ea cosh cos (0-1-a sin ¢). [Agra, 1951} 
10. Prove that, ifa<1, 
in 9 
Gea Em —asin 0--3a? sin 20-203 sin 30--... 


] —a cos 0 
[Banaras, '63] 


11. If|x| x1, expand 
— 2% cos 0 
| —x* 


in ascending powers of x. 
12. Show that, if |x|« 1; 


cos $x cos (0-19)... cos d Le cos(—d) Ha? cos(20—4) hua 


]—2x cos 0-242 
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13. Ifin a triangle ABC, B is less than A, prove that 
3 


Bo sin SOUS S ICONE 
a 2a? 


ETE 
14. Ifa and b be the sides of a plane triangle, and A and 
B the opposite angles, then show that 
log ? —log a= (cos 2A —cos 2B) +-4(cos 44 —cos 4B) 
14 (cos 64—cos 6B) +... 
[Luck., '65] 
8:4. Gregory's series. To show that, if 
P —in<t< i, 
0 — tàn 0—3 lan? 0-- tan? 0— ...ad inf. 
We have 
1 --i tan 0—sec 0 (cos #-i sin 6) 
sec 0. efe. 


Therefore 
log sec 0-+i0=log (1-i tan 0). 
=i tan 0-3 tan? 0— 3i tan? 0 
—1i tant 0--3i tan? 0—...ad inf., 
when tan 0 is numerically less than or equal to 1, 
that is, when —}7<0< ir. 
Equating the imaginary parts on each side of 
this equation, we have 
0—tan 0—1 tan’ 0-3 tan? 0—...ad inf. 
This is called Gregory's series.* 
If we put tan 9-x, that is, 9-tanlx, we have 
Gregory's series in another form, viz. 


tan?! x5x— y? tin... 
true when |x| « 1. 


*This series was known in India in the 15th century A.D. 
But in Europe it was first given by James Gregory (1638- 
1675), Professor at Edinburgh, and so it is now called after 
his name. à 
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The general term of this series is 
(enam Qn D, 


.and thus we have 


teni > (yai 0). 
nd 


8:5. General Value. In case 0 does not lie 
between —«[4 and 7/4, suppose that 9 —nm 4-9, 
-where ¢ lies between —7/4 and 7/4. Then 

$—tan $— 1 tan? ġ +3 tan? ġ—... 
:that is, 
0—nr —tan 0—3 tan? 03 tan? 0—..., 
true when 
= m—ir&0snr-ri. 

As a particular case of this general result, sup- 

pose that 0 lies between 3m and $r then 
0—7 —tan 0—1 tan’ 9-3 tan? 0—... . 

If 0 lies between 4r and “Sr, we have 

0—3« — tan 0— 3 tan? 9-3 tan? 0—... . 

Similarly, if 0 lies between —2n and —£tm, the 
corresponding expansion is 

0--2z 2 tan 0—4 tan? 0+4 tan? 0—.... 


8:6. Evaluation of 7. Gregory’s series has 
been used very extensively for the calculation of the 
value of m correct to various decimal places. We 
give below the important ones. 

(i) Grecory’s SERIES. If we put 0=7/4 in 
-Gregory’s series we have 

hd radere ay a 
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This series is not rapidly convergent and hence 
a large number of terms will have to be taken in 
order to OPE the value of z correct to a certain 
decimal place. 

(ii) EULER's sERIEs. It is easily seen that 

tan! 4-Ltan+ $= im. 

Expanding each of these inverse tangent func- 

tions, we have 


in- 4-3 (cr) tatg) 
(iii) Macuin’s series. This is obtained by using 
the identity 
do =4tan $—tan' sg. 
We can establish this identity thus: 
2 tan 4 — tan! {2/(l—a’s)} ^ tan* ys, 


and 1 12] 26 
4 tan? 3-2 tan? fz - tan {s/d - %)} 
=tan™ 1355. 


Since 4 tan"! 4 is a little greater than 7/4, suppose 

that 
4 tan"! 1 = (1m --tan" x). 
Hence 
tan (4 tan! 3) 23H8 — tan (37 --tan-t x) 
=(1-+4)/(1—a), 

giving x=z35-. This proves the above identity. 

10T 
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It follows a SI series that 


[eee 
ir-i5-5- 945-979] 
ü E M 1 i 
agang ° (CROP (CR) cp 


(iv) RUTHERFORD's SERIES. It is easy to see 
that 
tan? 44g — tan! 7j,—tan™ 55. 
Hence, from the E: in (iii), 
lm =4 tan? i—tan yo tan? 
peg 
-45 ose ) 


1 l l 
o smio at) 
Norte. Rutherford's series is more rapidly convergent 
than Machin’s series and Machin’s series is more rapidly 


convergent than Euler's series. The value of m has been 
calculated up to 707 places of decimals. 


Ex. Show that 


LB IN EL UN DUET LM 
i-r) t) tn) 
[Trauan., 515 Alld., *54] 


The given series 


-> Ul f2 d n 3r m} 


=2 tan (1) +tan™ (2) 

stan! (2) tan? (4) 

stan! (1) or 7/4. 
Hence the result. 
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ExAMPLES 
l. Prove that 


l 1 1 
2. For the validity of 
9--n7- tan 0-13 tan? 0+} tanë 0—..., 
write down the values of z, when 6 lies between 
£r and $7,—§7 and —$r, and Pr and 227. 
3. Prove that 
1 1 
p 2/341 spats pot 


[ Andhra, "505 Galna 55] 
4. Ifx>0, prove that 


iBA MA-IN  1fe—ly5 
acis PETS) sert) — 
[ Travancore, '44] 


5. If0«7, prove that 
log sec 0=} tan? @—} tant @+} tan 0-.... [Cal., 1946] 


0-L-sin 0 
: —i< g7 and tan-i SOSY sin 
6. If 8 <P epe tan’ CALETA 


series in tan re 
7. If0«0« 1r, prove that 
“i ]—cos 0 
1 --cos 9 
8. Show that 
tanh Nori tanh? 04-3 tanh’ 6+... 
stan 0—1 tan? bng tan? 0—... 


tan 


—tan? 30-3 tan? 1043 tan!? 40—.... 


EXAMPLES ON CHAPTER VIII 
1. Prove that 
log KABA HEAD 
O8 r8 cos? 0--b* sin? 0 


g= tle sin? 0— 1c? sin? 90 


$e sin? 39—...], 
where c = (a—5)] (a+b). 
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2, Expand in an infinite series 
cos 0—a cos (0—4) 
1—2a cos p--a? ’ 

where lal l. 

3. IfÓbea positive acute angle, expand log tan ($7 +46) 
in a series of sines of ascending multiples of 9. 

4. If0<0<4z, prove that 

log cos = —log 2-+cos 20—1 cos 49-3 cos 60—... . 
5. In any triangle, where a« c, show that 


zx 1 
Te =a [IH e T Nga ; cos 2B+.. | 


eos a a 
[Lucknow, 1967] 
[Solution. In any triangle ABC, we have 
a cos B +b cos A — e, (1) 
asin B—b sin A=0 (2) 
Multiplying (2) by ? and adding to (1), 
a (cos B-Hi sin B) +b (cos A—isin A) — c. 
or aeBi bei — c, 


ou be- 4 =e ( —< en). 
Raising both sides to the power —n, 
„Ani 
Gro S M (1-5 " 
on 


1 na n(n+1) a , 
=; fı HPPA e est), 
: since a« c, 
or, RU Euler's theorem, 


E (cos nA +1 sinnA) = Ffit oszi sin B) 


n(n+1) a 


DEOR 


ca (cos 2B--i sin 2B) +.. jr 
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Hence, equating real and imaginary parts on each side, 
we have the desired results.] 


6. If0«x«4/2—1, prove that 
2(x—323--145—...) 


Z P3 (3) —- . [Agra, 1950] 
7. When both 0 and tan"! (sec 0) lie between 0 and im, 
prove that £ 
tan™ (sec 0) =}r+tan? 30—3 tan 40+} tan!? 10—... . 
8. Iftan 0—x-Ltan a, show that 
9=a-+x cos? a—4x? cos? a sin 2a —4 43 cos? a cos Ja 
+414 cost a sin 4a—.... [ Agra, 1941] 
9. Find the value of x 
(i) to 3 decimal places by using Euler’s series, 
(ii) to 4 decimal places by using Machin's series, 
and (iii) to 5 decimal places by using Rutherford’s series. 
10. In any triangle, if a—b be small compared with c, 
show that the circular measure of A—B is nearly equal to 


2 esi B+ (E25 sin 2B nearly. 
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CAPTER IX 
SUMMATION OF SERIES 


9-1. Introduction. In this chapter we shall 
give some of the important methods of summing 
up trigonometrical series, finite or infinite. 

J 


i / 9:2. Angles in arithmetical progression. 
ine series. To find the sum of a series of sines of 
angles in arithmetical progression. 
Let the series be 
sin a--sin (a+8)+sin (a+28)-+... 
+sin {a-+ (n— 1)8j, 


| consisting of n terms. 
Suppose that 5, is the required sum. “Then 
2 sin $8. S —2 sin 48 sin a+2 sin 18 sin (a--B) 
+...+2-sin $8 sin {a-++-(n—1)B}. 
But 2 sin 3B sin a=cos (a— 18) —cos (a.-- 38), 
i, 2 sin 36 sin (a+) — cos (a-+46) —cos (a +36), 
2 sin $8 sin {a+(n—2)B} 
and 
2 sin $8 sin (a4- (n— 1)B) 
= cos (a--(n—8)8) —cos {a-+(n—4) }- 
By addition, 
2 sin $8 . S,=cos (a— 4p) —cos {a+ (n—$)} 
—2 sin {a+4(n—1)B} sin 1nf. 
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sin {a-+4(n—1)B} sin 1n 
"Therefore S, = l aa )B} sing E 
sin 4 
As a particular case, when B=a, we have 
sin a--sin 2a+sin 3a-L...-E-sin na 
_ sin $(n+1)asin dna 
sin 4a 3 


9-21. A particular case. If we take B=2z/n, 
the sum of the series in $92 is zero, since sin 1uf 
=sin7=0. In other words, 

sin a-Fsin (a--2«/n) sin (a+47/n) +... 
-Fsin {a+-2(n—1)z/n} 


is zero, whatever be the value of n( 71). 


19:3. Angles in arithmetical progression. 
Cosine series. To find ihe sum of a series of 
cosines of angles in arithmetical progression. ` 


Let the series be 
COS a-+-cos (a+) +cos (a +28) +... 
cos (a-- (n— 1)B]. 
If the sum be $,, then : 
2 sin 3B . S,,=2 sin $8 cos a-H2 sin 48 cos (a--B) 
-F...4-2 sin $8 cos (a--(n— 1)B) 
—sin(a--$8)—sin(a—38) O. 
+sin (a-+$8)—sin(a +49) 
: sin (a--(n—8)81—sin. (a. - (n— $)8) 
+sin {a+ (n— 3) B] —sin {a-+(x—#)B}, 
by virtue of the identity 
2 sin $8 cos (a+7B) =sin {a+(7-+4)B} - 
a cee ES {a-+(r—4)B}. 
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Adding the terms on the right hand side, we 
have 
2 sin $8 . S —sin {a+(n—$)B}—sin (a— IP! 

—2 cos {a+4(n—1)f} sin 3np. 
Therefore 
cos {a+4(n—1) )B} sin? inp 
9 | m ip (1) 
As a particular case, taking B=a, we have 
cos a--cos 2a --cos 3a-+...-+-cos na 
_ cos $(n-+ De sin zna 
sin 4 


9:31. A particular case of the cosine 
series. For reasons given in $9:21, we have from 
(1) of § 9:3, 
cos a+cos (a-+-27/n) +cos (a+47/n) +... 

+cos (a--2(n— 1)m[n) =0. 

9:32. Aidtomemory. Thesums of thesine and cosine 
series of $ 9:2 and 59:3 may be easily committed to memory if 
remembered in the following form : 


Sum of the sine-series 


sin B X a 
3: 2 n E angle-last cuu 
"o a 
2 
Sum of the cosine-series 
. [nx diff 
sinf 2 } first angle +last angle 
ae aa 
sin > 
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9-4, When the common difference is a 
sub-multiple of 27. Since any power of the sine 
or cosine of an angle can be expressed in a series of 
sines or cosines of multiples of the angle (57:21, 
§ 7:22), it follows from § 9°21 and §9°31 that, when: 
B=2z/n, the sum of the series 

sin” a-sin” (af) +sin™ (a-I-2) +... 
+sin™ {a-++(n—1)B} 
or cos” a -+cos” (a +f) +-cos” (a.--28) +... 
“cos” {a-+-(n—1) 8}, 
when m<n, is independent of the angles. à 
For example, taking m —4, we have 
cost a = 2-9 [cos 4a +4 cos 2a+3], 
cost (a-4-) — 2-3[cos (4a +48) +4cos (2a+28) +3], 
and so on. 
Hence cost a-+cost (a +f) cos? (a.--28) +... 
--cos! {a+ (n—1)B}. 
= 2-3 [cos 4a-+cos (4a-+4} cos (4a+-88) +... 
-cos {4a-+ (n—1)4B}] | 
44 [cos 2a --cos (2a-+28) --cos (204-48) +... | 
ces {2a-+ (n— 1)28)] -&2- 

But if B=27/n, and n54, the sum of each of the 
two series within brackets is zero, and we get 
cost a.-|-cost (a -+27 /n) +cost (a Han)... 

+-cos# {a+2(n—1)x/n} 


= $n. 


The condition that m is less than n is necessary 
to avoid the denominators in the expressions for the 
sums of the sines and cosines becoming zero. 
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Ex. Find the sum to z terms of the series 

| sin a sin 2a+sin 2a sin 3a -sin 3a sin 4a +..., 

.and deduce the sum of 3 
1.242.34+..4n(n+1).  [Lucknow, 1957] 


We have 
sin a sin 2a —3 [cos a— cos 3a] 


sin 2a sin 3a =4 [cos a—cos da] 


sin na sin (n-+1)a=4[cos a—cos (2n 4-1)a]. 
# Hence, on adding, we have 
:sin a sin 2a +sin 2a sin 3a+...+sin na sin (n+1)a 
Tin cos a—4 (cos 3a +cos 5a +... -+cos (2n -+1)a} 
=4n cos a—3 cos 3(3a +(2n+1)a} sin na cosec a, 
"where we have used (1) of $ 9:3, | 
=4n cos a— 3 sin na cos (n--2)a cosec a | 
i —jn cos a—1 [sin (2n--2)a —sin 2a] cosec a. 
| =[4 (n--1)sin 2a—sin (2n+2)a] cosec a. (1) 
To find the sum of 
1.2+2.3-+...+n(n-+1), ; | 
"we notice that 1.2 is the coefficient of a? in the expansion of : 
‘sin a sin 2a in powers of a, 2 . 3 is the coefficient of a? in that of 
‘sin 2a sin 3a, and soon. Hence the required sum is the coeffi- 
-cient of a? in (1), i.e., the coefficient of a? in 


4[(n-+1) sin 2a—sin (2n+2)a], 


[eote 


= (2/3) (4-19 — (n4-1)] 
=3n(n+1) (7+2). 


"EXAMPLES 


which is 


il, Find the sum to z terms of the series 
(i) sin a—sin (a+) +sin (a +28) —sin (e.-1-38) +... . 
[ Roorkee, *62] 
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(ii) cos cos 30-1-cos 504-... . 

(iii) sin? a-sin? (a.-I-B) sin? (a 4-28) +... - 

(iv) cos? #--cos? 20 --cos? 30+... . 

(v) sin? a 4-sin? 2a -Esin? 3a 4r... . 

(vi) sin a+sint 2a --sin* 3a +... . 
(vii) cos 0 cos 30-cos 38 cos 50--cos 59 cos 708-4... . 

DA Prove that | : 
(i) sin asin 2a -+...-+sin na em Netia 


COS a -COS Za -H ... -COS Na 


(ii) sin a—sin (a +8) +sin (a +28) —...to n terms) 
cos a—cos (a +p) 4-cos(a 4-2) —...to n terms 
=tan (a-4-3(n—1) (a 4-8))- 


3. Find the sum of the series 
sin a-sin 2a +sin 3a +... --sin za, 
and hence deduce the sum of the series 
14-2 --3-r...4-2. [Calcutla, °51; Banaras, '63] 
4. Prove that, 
COS ylym -cos sy -cos fis -Cos yom --cos ATE. 
5. Ifnis an integer greater than 2, prove that 
sin (2n) --sin (4«[n) --sin (677/n) 4-...--sin (2n7Jn) — 0. 
6. Sum the following series : 
«cos? a +cos? (a-+-77/2) 4-cos? (a +27/2) +...to n terms. [Luck., 58] 
7. Find the sum to n terms of the series 


cos? acos? (a-P)-t cos? (a-1-28) 4- ..., 
when B—2z[n and n53. [Lucknow, 1968] 


9-5. A general method. A general method 
of summation of trigonometrical series, which covers 
many of the cases, is what may be called the C 1S 
method. 


Suppose that it is required to find the sum of 
one. of the series, finite or infinite, 


C= a, cos a+4, cos (a.--B) +4 cos (a.3-28) +... 
and S — ag sin a4, sin (a-FB) +4 sin (a+2B) +... - 
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If we want to find the sum of the series of 
cosines, the series of sines will be called the 
auxiliary series. In case the sum of the series of 
sines is required, the series of cosines will be called 
the auxiliary series. 


We multiply the series of sines by z and add 
to the series of cosines. We then get 


CiS - ag(cos a.-]-? sin a) 
no (a--f) -+i sin (a-+8)} ! 
--asícos (a.-4-2B) +i sin (a 4-28) 4... | 


= age? -I- a DH g,/,020) 4 ‘ 


The last series can, in general, be summed up, 
if it be in one of the following forms : 

(i) Series in geometrical progression. 

(ii) Binomial series or one which can be 
reduced to it. 

(un) Exponential series or its sub-case sine or 
cosine series. 

(iv) Logarithmic series or its sub-case Gre- 
gory’s series. 


The sum thus obtained is expressed in the form 
A-1B and equating the real and imaginary parts, 
we get that C, the series of cosines, is equal to A and 
$, the series of sines, is equal to B. 


Ex. 1. Find the sum of the series 


sin ax sin (a8) (22/21) sin (a-+28) +... 
[Lucknow, 1967] 
Let S=sin a--x sin (a+) +(x?/2 1) sin (a-1-9) +..., 
and suppose that 


C — cos a +x cos (a +8) (2/2 Y) cos (a +28) +... . 
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"Then 
C --iS — (cos a-+7 sin a) --x(cos (a +8) Hi sin («--B)) 
-- (43/21) (cos (a-+28) +i sin (a --28)) 7... - 
ei xil tB) + (32]2]) e 29 + 
=e! [1 -EaxctB + (xet8)?]21-4-...]. (1) 
The series within the square brackets is an exponential 
series and hence 


C+iS =el , crei 
— gi | ez (cos BHi sin 8) 
— et COs , ei(+axsin g) 
— £2€05 B [cos (a.-1-x sin B) +7 sin (a-+x sin B)]. 
Equating the imaginary parts on the two sides, we have 
S —62€05 B sin (a-|-xsin B). 
The series within the square brackets in (1) is convergent 


when x is numerically less than unity and the sum is true 
under this condition. 


Ex.2. Find the sum to infinity of the series 


1 1.3 
1+4 cos 20-57 cos40 15416 cos 69 


on 
cS M 86+ [Lucknow, 1968] 
2.4.6.8 Des PE 
Let 
C- 14: cos20—.. 4 95405 16 zig cos 66. 
and suppose that 
S—isin 20— sin 40- NG LS sin 69-.... 

Then 


C-LiS =1+4(cos 20 Hi sin 26) — pa (cos 48-tisin 49) 


I xg (cos 66-4: sin 60) — 


-d det a get ED 
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This is a binomial series and we have 
C iS = (1 4-0)? 
=(1-+cos 29 Hi sin 20)Us 
= (2 cos? #--2i sin 0 cos gyu2 
—4/ (2:cos 0). (cos 0 --i sin 6)". 
Taking the principal value, we have 
CiS =4/(2 cos 0) (cos 49 -+i sin 19). 
Equating the real parts on the two sides, we get 
C=4/(2 cos 0) cos 30. 
Ex. 3. Sum the series 
1 +x cos 0-1-2? cos 20 4-... x” cos (n —1)80. 
[ Utkal, 1953; Agra, 1952] 
Let C—1 -+x cos 0 4-3? cos 20 --... x? cos (n—1)8, 
“and suppose that 
S=x sin 0-22 sin 20-...-Ha?? sin (n— NG. 
Then C--i$ = 1 --xef? pat... -panl gine, 
This is a series in geometrical progression, so that 
lang ind 


To separate the real and imaginary parts of this sum, 
we multiply the numerator and the denominator by 1—xe#.. 


We then have A 
(1 — neinet) (1 —Zxg 18) 


(1 — xett) (1 —xe- 0) 
] — xe719 — xt ein? panti ebln-1)9 
] —2x cos 0--x* 
On equating the real parts on either side, we have 
| —x cos 0--x? cos nO -+-x"*1 cos (n—1)0 


C+iS = 


j C= 1 —2x cos 0-Ha? 
M. 
Ex.4. lfC-cos?*0—$4 cos? 0 cos 30-3 cos? 0 cos 50—..., 
show that tan 26 —2 cot? 9. "[Travancore, 1948] 
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Suppose that 
$ — cos 0 sin 0—4 cos? 0 sin 30-4 cos? 0 sin 50—..., 
then C+iS — cos 0 et —4 cos? e3973 coss 6 i0... 
“tan! (ef? cos 6), 
by Gregory's series. 
Hence tan (C--iS) =cos 9. et? 
and accordingly tan (C—iS) =cos 0 . e-t9. 
Therefore tan 2C —tan {(C+7S) +(C—iS)} 
= tan (CS) tan (615) 
~ I —tan (C-Ei$) tan (C—iS) 
. cos 0 ei? --cos 0 e-t? 


1 —cos? 9 
_ 2 cos? 0 
sin? 6 
=2 cot? 0. V 


9:6. Use ofthe exponential values. Some- 
times we may write the exponential value of the sine 
or cosine occurring in the series and then sum up 
the two series obtained. 

/Éx. Sum the series 
v c sin a--303 sin 3a-- 1c? sin 5a —... . [Agra, 1937] 

The given series, convergent when c is numerically less 

than unity, 
=E (ue er i) CHER (if Lata) 
2i 3.22 $ 


n 


© so sta 
WEEE & —é )—... 


= — fif (cet TNT AO 
— (eeit — Zeem NEL 165 e5 I]. 


Each of the series is a Gregory’s series and we have the 
required sum 


= —fi[tan™ (cet) —tan (ce-$&)]. 
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If tan (cel) =A +iB, 
| then tan (A-+7B) =cel; 
| .and hence tan (4—iB) ze. 
“Therefore tan 2iB =tan ((A-HiB) —(A—7B)} 
. tan (A-FiB) —tan (A—iB) 
~ ] 4-tan (44-28) tan (A—iB) 
cd cote 2icsin a 7 
c XEM 
.c2B—gB 2icsina 
‘Or Bae Jg? 
FB. ?2B 2csina 
or a a pp 
1 42c sin a-+c? 
a AB. 
Therefore PAA 
MT ] 4-2c sin ac? 
Sving EIAS ] —2c sin a +c” 
| Hence the required sum ^ —4i[(A-++iB) — (4 —iB)] 
1 =B 
See 1 4-2c sin occ 
4 7? | —2csin a-[-c? 
| EXAMPLES 
i Sum the series 
1. cos @—4 cos 20-3 cos 30—...ad inf. 
[ Banaras, 525 Lucknow, '66] 
2. sina-- jp? 2a-- E sin 3a-+...ad inf. [Lucknow, *45] 
3. sina+4sin 2a E sin 3a --...ad inf. [Lucknow, *66] 
| 4. xsin 0-3 x? sin 20-223 sin 30—... ad inf, given that 
| lal. [Banaras, '62] 
| /5. xcosa--3x3 cos 3a 4-149 Los 5a + ...ad inf. 
| x [ Travancore, *50] 
$ 
jad 
1 ! 
JEJ 
| 
! CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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6. l-Excos 0-+x* cos 20-123 cos 30-L...ad inf., given that 


x«t [Annam., *51] 
1:3 1.3.5 

7. 1—4cos 04 5.4 C05 20 Bs cos 30 4-..., (—7«0« 7). 

[Luck., ^59] 

w 8. cos 0—$ cos 30--3 cos 58—.... [Alld., 50] 


1 
9. sin aoa sin 304 sin 50 —...ad inf. 


10. sina+4sin 3a im sin 5a-+...ad inf. 
[Sagar, °51; Luck., *55] 


3 OS} o 152553 3 
lh Asin a177 sin 204716 sin 3a 4-...ad inf. 


US, 
A ee [ Lucknow, °60; Banaras, '61] 
LU KN x2 20 
RAW eee oT aos an cad inf. [Luck., 67] 
0 i NUE i 
A v i d x sin a--12? sin m sin 3a-+...ad inf., ae ea 
“el. Agra, "53 
14. 1—cosacos B+ +8 cos 28 — ^1 7 cos 38-1... ad inf. 
dos KAG TENU [ Delhi, 53] 


pa lin 
IN NG. Si --cos 0 cos #--cos? 6 cos 29-1 cos3 0 cos 30-L-...ad int. 


sin 20 cos? | sin 30 cos? Pa 


16. sin @cosO+ 9] + 31 


.. [Luck., *56] 


17. cos 04 cos 20 d cos 38 4-... . [Luck., *64] 
18. 2x cos 0--3x? cos? 0-|-$3? cos? 01-531 cost 0-1-...ad inf., 
given that || « 1. [Lucknow. *59] 
19. cos(m/3) +4 cos(27/3) +4 cos(32/3) +} cos (42/3) 
+....ad inf. 
[Luck., 62] 
[Let C= cos (7/3) +4 cos (27/3) --$ cos (32/3) +..., 
and S sin (7/3) +} sin (27/3) +} sin (32/3) +.. . 
11T 5 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


OO 


EGET TS cuc SEI o MB ER ATE 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


146 : SUMMATION OF SERIES 
Xi, 
Then 
C+ iS HET? J-pemus peris +... 
= e2Ti/6 parmis eie MGA 
= eT US TIS jer zemi TEN) 
— dis Alog (1-670) —log (1--0709)]. 
Now 
eril — cos (7/6) +i sin (7/6) =4/3/2 +7/2, 


; 2 34-4 
log (1 +e7#/8) —log (1 eile) log YG 


Sts ATO 4/3)? --1) titan TU X 


E pet l 
—log4/((2 —4/3)?--1) + tan ya 


and 


844/37 
ES age 
ilsSis-a e 
| 244/3 T 
=} o8; 7359 
= log (2-4-3) +iz/2. 
Therefore 
| cris (245) Ales e 97] 
| Hence, equating real parts on: the two sides, 
| ; G= log 2+3) —7/8 
| Va - M93 log (2+4/3) sail 
| 20. Prove that 
A m1 f) si 
2^ cost B cos nd REEL rg [Lucknow, *54] 


na 


9.7. Series of hyperbolic functions. A 
series of hyperbolic sines or cosinés can be summed 


| 
| 
| 
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(j 
up cither directly or by using their values in terms 
of exponential functions. 
Ex. Sum the series 


cosh 04:2 cosh 204-5577 cosh 30... . 


an 
The given series a tO] 
=4 (e8 e78) -- (1/11) sin 0 . 4(e20 e729) 

+ (1/2 I) sin? 0. 5 (£36 -- 6736) 4, 

= 4[(e? +(1/1 sin 6 22 -- (1/9 1) sin? 8 228 4...) 

ric? -- (1/1 !)sin 0 e722 4(1/2 D)sin2 0 e738 Te] 
=3(e9 {1 +(1/1 1)e? sin 0+ (1/2 1)e26 sin? 8-4...) 

-Fe 90 -- (1/1 1)e7? sin 0+. (1/9 1)e738 sin? 0-r...)) 


— 1 [e? g2? sin 9.1 4-6 pe”? sin ?] 
8 zs -9 gt 
=4[e9+e sina Le 9479 sino], 


EXAMPLES 

Sum the following series : 

l. sinh #--sinh 26-tsinh 3@-L...to n terms. 

2. cosh x-+cosh (x-7) +-cosh (#27) 4-...to n terms. 

3. cosh? a-|-cosh? (a -I-8) +-cosh? (a-++28) -L...to n terms. 
[Lucknow, *64] 

4. 1--coshx-H(1/21) cosh 2x -- (1/31) cosh 3x-t...ad inf. 
[ Lucknow, '66] 

2 3 
5. «cosh 8-55 cosh 204-7 cosh 30 4-...ad inf. 


9:8. The difference method. This method 


. consists in splitting each term as a difference of 


two expressions in a suitable manner. Thus if we 
want the sum of 


Uy Hua FH Ug +... Uy... dU, 


we write u, =f(r-+1)—f(r). 
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Then Uy A) —f(1), 
u, —f(3)—/ Q2); 
us J) —/(), 
Ung = f(n) —f(n— iD 
u,=f(n+1)— f(n). 
On adding, we have 
u us 2f) SD), 
since all other terms cancel. 
This method can be used to find the sum of an 


infinite series when the latter is convergent. Thus 
if the sum of n terms be given by $,, the sum to 


infinity will be 
limi 5, ims (fet) /(0)7- 


Ex. 1. Sum to n terms the series 


tan x-] tank Stan tas 
ng AU pa OE 
Deduce its value when n increases indefinitely. [Alld., *54] 


cosx sinx 


Since cotx—tanx= — 
sinx cos“ 
cos?x—sin?x 2 cos 2x 
E 2 =2 cot 2x, 
sin X cos x sin 2x T 
we have tanx=cotxz—2cot2x. U^ 
Similarly } tan 3x3 cot $x—cot x, 
and the general term ur is given by 
ul i NN ] x | 
aT an ort mora! cot a 9r Coty =a 
Hence S=% D. E 
ence S,=2 Up=2 Z2 (AN ri 
a rel fi r1 2 ia pres 
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1 1 1 1 
-2 [7a cot 2r-i—9r-à cot zl 
: 2 cot? 
= gpI ©° ot rm cot Zx. 


To find the sum of an infinite number of terms, we have 
to evaluate the lim S, when n tends to AY This involves 
finding the limit of (1/2?-3)cot(x/27-1). For this, put 9 
—x[2^-1. then 


: 1 x : 0 9 
lim, 3, jn-i cot e —limg.55 zeot 


since (sin 6)/@ and cos 0 both tend to unity when 9 tends to 
zero. 


1 
Stata ngh .ad inf. 


=1/x—2 cot 2x. 


Hence tan x4-i tan 


Ex.2. Sum the oe 

av3-v2 

EZ ag in 712 TIA HO 
Niwa") , sadni 


MOED 
[Lucknow, *58] 


“sina 


-ı Vi=vV/(n1) 
Af(n(n-ED)- 


ed l A (n—Y) 1 
Sanan MANNA aa eee 
Bt loch vn Ean 


- edad geal 


zs ern ^ SOME o 
An V (n+!) 


We have sin 
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Therefore, putting n=1, 2, 3, ... successively, we have 


; 1 
sint a —sin-! 1 —sin7} ve 
— I 
sin E : sin mem VS 


lr. 1 
th don =e a M 
| and the nth term —sin S in GED 


By adding, the sum to n terms | 


l 
P Nas 
sin? ]—sin TAGAY | 
Hence the sum to infinity | 
1 
í . B . 
=lim,_,.,|sin™ 1 —sin ml | 
v (n+!) | 


—ir—sin0-im. | 


EXAMPLES 
Sum the series 


l. cosecx-+cosec 2x-|-cosec 4x-+... +cosec 2771 x, | 
| [Alld., *515 Luck., 66] 
.[Hint. .The nth term. of this series may be expressed as 
i cot 292x. cot 27—1x.] 
` 2. tan 9-2 tan 20-2? tan 270-123 tan 230 -+...to n terms 
[Lucknow, *59] | 
3. sec asec 2a-+sec2a sec 3a-+...ton terms. [Luck., '65] 


c a 
4. tan - —— "tan? C gato n terms. 


11.222 | 
[Lucknow, 63] | 
| 5. tan !3-Ftan-! 2--...--tan! Hm .adinf. 
[Lucknow, '62]] 


| 
p 
N | CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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1 
1 
6. tan” mola btana Taga 
tan papa [Lucknow, *61] 


Ta sin’ 2 3sino Ang? sin? B -F...to n terms. 


[ Lucknow, *65] 
sin 0 sin 26 sin 30 


2 cos 0-|-cos 20 ' cos 0 -cos 70 T cos 0 -cos CORE 
to n terms. [Luck., *56] 
Eo - NN C 
d cot 0—3 tan 0 ' cot 30—3 tan ACE 33 0—3 tan 320 
.. to n terms. 


10. tàn 7 seca-Ltan 755665 tan sec P ina 


2 9 
uen 58] 
1l. cot^!(2a-1--a) cot?! (2a-1--3a) +cot™ (2a71--6a) 
| +cot (2a 1 --10a) +...to n terms. 
Es [Lucknow, *56] 
19. cot71(2.12) --cot (2.2?) -- cot"! (2.3?) +...ad inf. 
[Banaras, '64] 
13. . cot! (12:3) +-cot™ (22-2) Leot1 (32-3) +....ad inf. 
[ Lucknow, *60] 
14. ‘tan? a tan 2a--3 tan? 2a tan dag tan? 4a tan 8a 


+...to n terms 
[Lucknow, *61] 


| : 
| 15. 2 cosec 20 cot 26-14 cosec 40 cot 40 
| +8 cosec 80 cot 80- n .to n terms. 


| 08 9 
| 16. cos g-t cosg enge cosg COS 5g jS cos ato 


to a terms. 


| EE : nG [Lucknow, '64] 
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17. Prove that 

f E oo ` Oi Tl) 0 

sin 0 . versin 0 --2 sing. versin 54 22 sinzz versin 55 “Pan. 
sin 20 


pee, 


9 


and interpret the result geometrically. 


9:9. Use of differentiation and integration. 
Sometimes it is convenient to obtain the sum of 


a given series by differentiating or integrating a ` 


known series. This method is, however, applicable 
only when the known series is differentiable or 
integrable term by term. 
Ex.l. Find the sum of the series 
cos 0-4-2 cos 20-3 cos 30 +... -+n cos nb. [ Mysore, *32] 
We know that 


` à : s sininÓ . 
sin 0 -Esin 20-L-sin 30 --...--sin 2T Ca sin 1(n4-1)0. 


Now differentiating the left-hand side of this, we obtain 
cos 0+2 cos 20-13 cos 30 +... -+n cos n6, 


and differentiating the right-hand side, we get 
$n cos Ind . sin $(n-4-1)0 . cosec 30 
+4(n-+1) sin 3nd . cos 4(n+1)0 ..cosec 40 
—4 sin 3nd sin 1(n--1)0 . cosec 20 . cot 40 
=4n sin (n-I-3)0 cosec 40+-4sin 3nd cos 1(n-|-1)0 cosec 10 
—4 sin 3nd sin 1(n--1)0 cos 40 cosec? 40 
=4${n sin (n-I-3)0 sin 40++sin 320 cos 3(n 4-1)0 sin 10 
—sin $n sin 3(n--1)0 cos 10) cosec? 10 
—í(nsin (n-4-3)0 sin 10 —sin? Ind) cosec® 10 
=4[n{cos n0 —cos (n-|-1)0) —1 cos n0]/(1 —cos 0) 
—$((n-EF-1) cos n0 —n cos (n--1)0—1)/(1 —cos 6). 
Hence 3 : ; 3 
cos 4-1-2 cos 29-13 cos 30... +n cos nd 


=4{(n+1) cosn9--ncos (n-1-1)0 —1)/(1 —cos 0). 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ba SR 


MURA. EG 


Digitized by "a Samaj Foundation Chennai and eGangotri 
USE OF DIFFERENTIATION ETC. 153 


Ex. 2. Show that the series 
1 1.3 
cos x t73 cos 3x + 24.5 cos 5x ^-...ad inf. 


o E E 

has the sum sin”! (cos —5in 2) when c 7x20, 
; Gal gs 

and —sin"i(cos gt sin 5), when2z 2x27. 


[Bombay, 19 47] 
First take cx» 0, and assume that 


o 


C 2 cos x +4 cos 3x +55 cos 5x-+..., 


: : 1.3 
and S=sin x ++} sin 3x + Ja sin 5x- 


"ja 
Then C-LiS - e {1 pet E EU 


=% (1 — erat) — -1/2 
ee (| e228) /2/(1 eant) NAC erimus 


(cos x -I-i sin x)(1—cos dx-Li sin 2x)!? 
(2-2 cos 2x) 
_ (cos x-Lisin x) /(2 sina) . (sin x-fi cos x)¥* 
2 sinx 

__(cosx-+is sin x) {cos (7/4 ]4 —x]2) -Lisin (7/4—x/2)} 
i ~a/(2 sin x) 

cos (m]4 -Ex[2) -Hisin v] ]4x«[2). 

a/ (2 sin x) 


Therefore Szssin x+} sin 3x a sin 5x4 dea. 


=sin (v[44-x/2)/ 2 sin x) 
_sin sin (x/2) -cos (x/2) 
~~ 2y/(sin x) 
3[sin ( (x/2) cos (x! i2)] 


dit 1 —(c0s5 cin 3 M 
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154 SUMMATION OF SERIES 
Integrating this on either side with respect to x, we have 
il LES est XH A 
OS x -H= "cos 3x-L —— cos 3x... sini (cos 5—sin 3 LA 
aias Taaa e 2 " jala 


where A is the constant of integration. 


Putting x=7/2, A becomes zero. Therefore, when 
m>x>0, 


I AL ex bg 
CONG Fr z C05 3x o cos dx --...—sin cos $ —sin 5 5 
Ie in (1) replacing x by x-7 we have, when 


2m»x»m,that 


` ONE i x/2) —sin (x 
sin x- sin 33-12 sin Ssh... = 21008 n ) —sin (s/2)] 


al{ 1 =(c0s5 "E 


Integrating this on either side with respect to x, wet have 


1 1.3 : AE eae 
Ta 2 Sys SE Z a 
GB cos 344-575 cos dx... -sin (cos -sin 3 
the constant of integration vanishing as before. 
Hence the proposition. 
EXAMPLES 
1. Given that 


sinx 
COS5 0575 cos js ...ad inf. = xo 


prove that 


1 É 1 x E 
` $tan gb gifan ptz tan Stead inf. = —cota, 
E. : 
1 x ; BOs ai 
A sec — gigs se € ja t---ad inf. = cosec? #5 
td dE the series 


Sha ju» 30 pa oo Pa 


T T 
where =5< G< p 
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Also find the sum when 6 is outside the above limits. 


3. Sum the following series by differentiation : 
tan 0--2 tan 20-|-2? tan 270--...to n terms. 


4. Sum the following series by integration : 
cosec x -I-cosec 2x --cosec 4x -|-...to 2 terms. 


ExAMPLES ON CHAPTER IX 


1. Sum to 7 terms the series 
cos a sin B -cos 3a sin 2f +cos 5a sin 38 -+ 
2. Sum to infinity the series 
cos , cos 20 , cos 30 


i-o Oa 


3. Sum the series 


sin? 0 sin 20 -Lsin? 90sin 30-E-sin? 30 sin 40 --...to n terms. 
[Ca!., 41] 


4. Prove that 


P n an cos na =e% k03 © (cos (asin a) +a cos (a +a sin a)}. 
0 
[ Travancore, *42] 
5. Sum tom terms the series 
sin l sin 20 EE sin 30—... [Andhra, *40] 


6. Find the sum to infinity of the series 


csina sin3a sin 3a | 
) aba Luque e 
sin a , sin 5a. , sin 9a 
(ii) ro ot 51 + 91 es 
7. Sum the series 
tan a tan (a--B) tan (aA) tan (a+28) 


-+ tan (a-+28) tan (a 4-38) --...to n terms. 
[Luck now, 43] 


where [c| « 1; 
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8. Find the sum to z terms and also the sum to infinity 
of the series 


log cos 6 +-log cos (0/2) +log cos (8/22) +... [Alld.,'51] 
9. Sum the series : 
cos (77/3) --3 cos (27/3) +4 cos (32/3) +...ad inf. 
[Lucknow, '62] 
10. Find the sum of the series 


cos 0—cos 30 cos 30—cos 3? 0 , a Cos 3? 0—cos 33 0 
sin 30 H sin 3? 0 : sin 339 


-F...to n terms. 


11. Sum the series 
sint a.--sin* (a +27/n) -Esint (a+4n/n) +... 
-Fsin* (a -+-2(n—1)z/n}. 
[Agra, °44; Luck., '47] 
12. Sum the series 
E 1 l f 
sin8cos20  cos20sin 30 sin 380cos49 "lon terms. 


[Agra, 1941] 


13. Sum to infinity the series 


A e2COs 6 
1--62950 cos (sin 6) + 2] 99 (2 sin 0) 


e cos 8 P 
aa cos (3 sin 6) +... [Mpsore, 1941] 
s n 
14. Sum the series 5 VL +sin ra). [Cal., 1942] 
1 


15. Sum the series 


tan 0 sec 26-+tan 20 sec 22 0-L...--tan 2-1 0 sec 9n 6, 


À [Lucknow, 1968] 
16. Assuming the formula for the summation 


um cos (a-7B),. 


deduce the sum of each of the following series : 


OD (1r cos (e), Gi) SIT cosh (arf) 
[Cal., 1944] 
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17. Show how the function sin?x cos!x can be thrown into 
the form : ; 
A+B cos 2x--C cos 4x-+ D cos 6x; 
and hence or otherwise sum the series 

"n DT 
D sin? rx cos? 7x. 
ofa] 
18. Reduce the expression 
tan”! (221). tan”! (2%) 
to its simplest form, and hence or otherwise sum the infinite 
series 


cot™ (2-4-3) +-cot™ e + 5) cot"! (245) + 


cot ( 2e) 4... [Gauhati, 50°; Luck.,'63] 


19. Sum the series 
sin a sin B+4 sin Za sin 28-14 sin 3a sin 38 --...ad inf. 
[Lucknow, '57] 
20. Find the sum to infinity of the series 
sin 0 cos ġ +4 sin 30 cos 3$ +4 sin 50 cos 59 +... 
where 6 and ¢ are positive acute angles. 
[ Travancore, *51] 
2]. Sum the series (—7/4<0< 7/4) 
2 tan 0—$ tan? 01:8 tanë 0—$ tan? 0-1... . 
[Calcutta, °42] 
22. Sum the series : 
sin 20 cos? 0 —1 sin 40 cos? 20-43 sin 80 cos? 40--... to n terms. 
[ Punjab, '44; Banaras, '51] 
23. Sum the series 
cos 29 , cos48 cos 60 . 
2! 4l OE ane 
24. Sum the series 
cos?x —1sin?2x 4-3 cos? 3x —3 sin? 4x-+... [Lucknow, 65] 
95. Sum to n terms 
tan30 , N tan? 30 (s; tan?320 — | 
123 tan?9 " G 1-3 tan? 30 ' \32/1—3 tan? 3*0. ' 7 
[Panjab, *45] 


jx [ Dacca, 40] 
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26. Sum the series 
] z 1 
92 92 i 9st 


NET 
gi aml 


27. Prove that 
sin 0-11 sin? 0-- sin? 0+... 
=2(sin 0—1 sin 30-1 sin 59-....), 


where 634(2n+-1)z. 


28. Prove that, if tan 0« 1, 
tan? 0—4 tan10 4-3 tan’ 0—... 
—sin? 9-11 sin? 0-1 sin! 0+... 


29. 1f$,bethesum.to n terms of the series 
Fo sin x sin 2x -sin 3x 4-..., | 
prove that | 


lim. 3o (S1 4-93 1-93 -H 4-55) /n — $ cot Bx. [Lucknow, 1967] | 


30. AjAs...An is a regular polygon of n sides inscribed | 
in a circle, whose centre is O, and P is any point on the arc 
And, such that the angle POA, is 0; find the sum of the | 
lengths of the lines joining P to the angular points of the | 
polygon. 1 | 


31. From any point on the circumference of a circle of | 
radius r chords are drawn to the angular points of a regular [ 
inscribed polygon of n sides. Show that the sum of the | 
squares of the chords is 2r?n. [Annam., *43] 


32. A regular polygon of n sides is circumscribed about | 
a circle of radius a. The distances of a point P within the | 
polygon from the sides are fu f», Pa, «= m and from the 
centre the distance is d. Show that : | 


r | Di faa fn n8, 


and pie tps eb ++... Apn =n(@ +-4d?).. [Annam., *39] 
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CHAPTER X 


FACTORIZATION. INFINITE PRODUCTS 


10:1. Factorization. We know that if f(x) 
be any polynomial and if x-a be a root of the 
equation f(x) 20, then (x--a) is a factor of f(x). 
Therefore, in order to get the factors of any poly- 
nomial f(x) we solve the equation f(x)-0. If 
dq, dy, ++) an be the roots of the equation f(x) =0, 
of degree n in x, then (x—24), (x— ao), ..., (t—a,) 
are the n factors of f(x). If the coefficient of the 
highest degree term in x be unity, then 

f(x) = (x— 1) (3— 03). (5— 4)- 

We shall make use of this principle in the 

following sections. 


10:2. Factorization of x^— 1: 
Solving 4"—1 —0, we have (see 5 3:2) 
x cos (2rr[n) 4-i sin (2rz[n), 
where r=0, 1, 2, 3, ..., (n—1). 


Thus the roots of x"—1 —0 are 
1, cos (2«[n) --i sin (2n), cos (47[n)-Hi sin. (4n), 
..., COS (4an) —i sin (4zr/m), cos (2«/n) —1 sin (2n). 
It will be noted that the nth root is conjugate 
to the second, the (n—1)th root is conjugate to the 
third, and so on. 


Two cases now arise. 
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CasE I. Let n be even. j 


In this case there are two real roots 1 and —1, 
which correspond to r=0 and r=4n, and 3n-1 
pairs of conjugate imaginary roots, viz. | 
cos (2zr[n) +i sin (2m[n), cos (47/2) ti sin (4n), | 

w+, COS ((2— 2)m[n) Hi sin {(n—2)a/n}. | 


Consequently, the factors of x"—1 are | 
(x— 1), (#41): [x— (cos (22/n) +7 sin (2r/n)Y], | 
bm (2m[n) —i sin (2«n)]]; ... ; | 
[x— (cos (n—2)m[n--i sin (n—2)a/n}] | 

[x—{cos (n—2)m/n—i sin Mora, | 
or (42-1), [x?—2x cos (2r/n) +1), ..., | 
[x?— 2x cos {(n—2)z/n} +1]. 
Hence, when n is even, 
x°— ] = (x?—1)[x?—2x cos (27/n) +1] 
x [3?— 2x cos (4a/n) 4-1)]..., 


x [x?— 2x cos {(n—2)m/n} +1] | 


(n/2)-1 


= (x?—1) II {x?—2x cos (2rm[n) +1}. (1) 
The symbol 


(n/2)-1 
I 


(x°— 2x cos (2ra/n) +1} 


Tel 


{x?— 2x cos (2rm[n) +1}, 
which are obtained by replacing r by integers 
beginning with 1 and ending in 4n—1. 


| 

denotes the products of factors of the type | 
| 

| 

| 

Case II. Letn be odd. | 
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In this case there is only one real root, viz. l, 
corresponding to r=0, and $(n—1) pairs of conju- 
gate imaginary roots, viz. 
cos (27/n) Fi sin (2z[n), cos (4«[n) +i sin (4z/n), . 
cos (( (n—1) )m[n) Ei sin ((n— 1)s yan}. 
Consequently, the factors of x”—1 are 
(x— 1); [x— {cos (27/n Hi sin ae 
[x— (cos (27/n)—i sin (27/n)}];.. 
[x— {cos C sin (n— 1) [iz 
[x— {cos (n— 1)m[n—1 sin (n—1)z/n}], 


or 


(x— 1), [x?—2x cos (22m) iu 
[3—2x cos (47/n) 4-1], .. 
[x33—9x cos {(n—1)a/n} 4-1]. 
Hence, when n is odd, 
x"—1 = (x—1)[x?— 2x cos (27/n) +1] 
x [x?—2x cos (47/n) +1)... 
x ase cos {(n—1)z/n} +1] 


-G-1) H d ge 2« cos (2ra[n) +1}. (2) 


10:3. Factorization of x"-- 1. 
Solving x”-++1=0, we have 
x=cos {(2r-+1)a/n)}+-7 sin ((2r4- 1)m[nj, 
where 7-0, 1, 2, ..., (n— 1). 
Thus the roots of x”--1-0 are 
cos (m/n) +2 sin (m/n), cos (3m[n) +t sin (3«n), ..., 
cos (3x/n)--isin (3r/n), cos (m[n) —i sin (r/n). 
12T 
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Evidently the nth "root is conjugate to the first, 
the (n—1)th root is conjugate to the second, and 
sO on. 

Two cases now arise. 


Case I. Let be even. 
In this case, there are 3n pairs of conjugate 
imaginary roots, viz. 
cos (m/n) 4- i sin (mn), cos (3r/n) Hi sin (3m[n), ..., 
cos ((n— l)s[n) 4-1 sin {(n—1)z/n}. 
Consequently, the factors of x"^--1 are 
[x— {cos (m/n) +i sin (s/n); ], 
x- (cos (mn) —i sin (m[n))]; 
[x— {cos (3r/2]--i sin (3m[n)] ], 
[x— {cos ( 37/2) — i sin (32/n)}]; 


(x— cos ((n— aja) -i xu (ce Data 
[x— cos [(1--1)a/n) -+i sin ((n— 1)m[n) ]; 
or,  ([x?—2x cos (mn) 4-1], [x*— 2x cos (3r/n) 4-1], 
mang [13?— 2x cos ((n— 1)r/n} +1]. 
Hence, when n is even, 
a” --1 — [3?— 2x cos (m/n) 4-1] [3?— 2x cos (37/n) 4-1]... 
[3 — 2x cos {(n—1)a/n} +1] 


BUE o EDD O 


T-0 


Case II Letn be odd. 


In this case, there is one real root, viz, —l, 
corresponding to r=4(n—1), and 1(n—1) pairs of 
conjugate imaginary roots, viz. 
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cos (m/n) Hi sin (n), cos (3m/n) 4i sin (3z/n), ..., 
cos ((n—2)m[n) +i sin {(n—2)z/n}. 
Consequently, the factors of 4^--1 are 
(x-+1); [x— {cos (m/n) +i sin (7/n)Y], 
[x— {cos ([n) —i sin (a7/n)}], 
[x— {cos (32/n) Hi sin (37/n)}], 
[x— po Gao sin (32/n)]]; 


ees ((n— Dalas sin Go Ba 
[x—cos {(n—2)z/n} Hi sin ((2-9a[n)], 


(x4-1), [3?— 2x cos(a/n) 4-1], ..., 
[x®— 2x cos {(u—2)7/n)} --1]. 
Hence, when n is odd, 
x^ 4-12 (x--1)[3?— 2x cos (m/n) 4-1]... 
[x?— 2x cos ((n—2)«[n --1] 


= (1) Tt fe 2x cos {(2r-+1)z/m}+1]. (4) 


or 


10-4. Factorization of x*"—2x" cos n01. 
Solving the equation x?"— 24? cos z0-|- 1 — 0, 
we have : 
x” — cos nO-+- A/ (cos? n8— 1) 
— cos 10-1 sin n0 
— cos (n0 --2rm) Hi sin (n0--2rm), 
or  x-cos(0-F-2rz[n) +i sin (9--2rajn), 
where 7=0, 1, 2, 3, ..., (2-1). 
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Thus the roots of 42" —24" cos n0+1=0 are 
cos #-Li sin 9, cos (0 +-27/n) +2 sin (0--2«[n), 
cos (0-I-4m[n) 4c? sin (8 4- 4v[n),... , 
cos 10--2 (n — 1)m[n) ki sin 18 4-2(n — 1)z[nj. 
Thus the factors of the given expression are 
[32—2x cost l], [x?—2x cos (0-+:27/n) +1], ..., 
[x?— 2x cos (8 4-2 (n— 1) m[n) 4-1]. 
Hence, we finally have 
x20 9x? cos n0 --1 — [x?— 2x cos 0-1] 
x [x?— 2x cos (0 --2«[n) +1)... 
x [3?— 2x cos (0 4-2 (n— 1)z|n)) +1] 
n-l 
= [i [x?— 2x cos (0--2ra|n) +1]. (5) 


T-0 
10:41. Deductions. Scveralimportant results may be 
deduced from (5). For example, dividing each side of (5) by 
x”, we get 

1 na 1 

xn 2 cos n0 — IT are cos (@-2rrjn)], (6) 
r-0 
and further putting 0 — 0, we have 


mit 2- maa —2 cos (2rr[n)]. (7) 
r=0 * 


Again in (5) replacing x by x/a and multiplying each side 
| by a”, we get 


; n-i 
an —2anx® cos nO a" = TT [x?—2ax cos (0--2rz[n) +a"), 
r=0 


8) 
and further putting 0— 0, we have i 
C n-] 
xn —2gnxn ya? — “ri [x?—2ax cos (2rr[n) -I-a?]. (9) 
r= 
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The results of 5 10:2 and $ 10:5 may also be deduced 
from (5). Thus putting 6-0 in (5), we get 


na 
(an —1)? =M [3* —2x cos (2rz]n) --1], 
r=0 
which, on extracting the square root, reduces to 
n/2-1 
xm —] =(x?—1) II (#2--2x cos (2ra[n) +1), 
rel 


when nis even, and to 
(n-D/2, . 
xm —| =(x—1) IT [32—2x cos (2rz|n) 4-1]; 
rel 
when n is odd. 
Similarly, putting 9=7/n in (5), we get 


n-i 
(x? 4-1)? — II [x? —2x cos {(2r-+1)a/n} --1], 
r-0 
which, on extracting the square root, reduces to 


n/2- 
an 41 IF [e2 cos (21) +1], 
r20 


when n is even; and to 
(n—-3)/2 
31 (w1) H [39 —2x cos {(2r+1) 7/7} +1] H 

r=0 t 


when n is odd. 
Ex. l. Factorize cos np —cos no. [Annamalai, 1939] 


In (6) putting xe, so that xU. we have 


I 
| 
| 
| 

n-l : 
endt yengi —9 cos n02 IT [ett -Ee-$1—29 cos (8-1-2rm[n)] | 
r=0 j 
| 
i 
| 
| 


n—-1 
or 2 cos nd —2 cos nô = II [2 cos $ —2 cos (8 J-9rz[n)]- | | 

r=0 i 
Therefore, 


9 n- 
cos np —cos nô = 2n TI [cos $ —cos (9 -4-9ra]u)]. 
; E 
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Ex.2. Show that 
21 sin $ sin ($ +27/n) sin ($ +4a/n)...sin ($ -- (2n —2) zn) 
= cos (7/2) —cos n($ +7/2), 
In Ex. 1 above putting $ — 17 and 6=¢+47, we have 


cos ($27) —cosn ($ 4r) = 2n-1 TT [cos (37) —cos(4a-+¢ +2rrjn)] 
r-0 


n=l 


S20 IT sin ($ +2rz/n) 
r=0 


S20 sin d sin ($ --27/n)...sin {p+ (2n —2)«]n). 
Ex.3. Show that 


sin nd — 2-1 sin ¢ sin (4 2). sin (s HA T ) 
7 
[ Travancore, 1951] 


In (6) putting x-1 and 0—29, we get 
nol 

2—2 cos 2nd = IT [2—2 cos (26 4-2ra|[n)]. 
r-0 


n—1 


or ? sin? np = E [2? sin? (d J-rz.[n)]. 
z F ney 
s sin np — 22-1 IT sin (d +rr/n) 

` r=0 


=2n sin $ sin ($-r/n) ... sin {6-+(n—1) n/n}. 
Ex. 4. Prove that 


-— . 7. — 
2013/2 sin = sin Ra UR cr 
n n 


From Ex. 3, we have [Travancore, 1951] 


sin ng 


sing z:2n- 1 sin (d +7) sin (6 4° a)? ..Sin (e. enn) 
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Making ¢ tend to zero, we have 
191-1 sin (m/n) sin (2z7/n)...sin {(n—1)x]n}, (i) 


because limg-59 = 
S0 sinn 


Now in the right-hand side of (i), factors equidistant 
from the beginning and end are the same, so that taking the 
square root of either side of (1) we have 

Qn 


LT 


.T- . 
9(-1/? sin = sin — ... SIN ^—5—— sMn. 
n n 2 


Ex.5. Show that 


nl 


2 ng QT 
(ha) (Oe 4nxa TI | x? -+-a? cot® 5- . 
rel 2n 
[Annamalai, 1939] 
From (1), we have, on replacing x by » and n by 2n, 


na 
yn 1 = (p21) TE (92-29 cos (pal) +1). 
rel 


Next replacing y by (x--a)/(x—a) and then multiplying 
throughout by (x--a)@, we have 
n-1 
(x-Fa)?n — (x—2)*" = ((x-Ea)?—(x—2)5) IT [(x-Fa)* 
rel 


-9(x2-@7) cos (ra[n) +(x—4) 2] 


n-1 PS 
=4xa II afse(1 — cos 7 e(t +-cos=)| 


` 


r=1 

n-i som : NS i 
—4xa TI 4| x2 sin? == +4? cos? z| a 

rel 2n KG 2n ( ) 


- Now dividing both sides by 428-1 and then making x 


infinitely large, we get 


n-l  . th a 
4na —4a TI 4 sin? 9m (ii) 
rel 74 


Dividing (i) by Gi) and multiplying both sides by 4na 
we get the desired result. 
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EXAMPLES 
l. Investigate the complete ¢rigonometrical solution of 


the equation 3$—1 — 0, and hence or otherwise establish the 
formula of factorization :— 


D 2 2 a. 
x®—] = (x—1)(42—2x sepu +1) (3? --2x cos 5T). 
Finally assign a suitable numerical value to x so as to 
deduce the simplest numerical value of 
a, Ur T 
Sing COS 5. [Cal., 1949] 


2. Factorize x8—]1. [Annam., 1947] 
3. Resolve 37-1 into real and quadratic factors. 
Deduce that 


3 T 
cos cos F cos Sia =—ġ. [Travancore, | 944] 
4. Find the real quadratic factors of 
LILO. 


5. Prove that 
cosh ng —cos ng =2"-1 TI cosh $ —cos( 0 xx. 
870 n 


[ Utkal, 1950; Delhi, 1953] 
6. Prove that 


(1) cos n8 20-2 COS Ü —cos aa) cos 0—cos z) 
2n 2n 


(ii) cos nO —9n-1sin (o tz) sin (6 +) 
sin =) 


7. Prove that 


. 9 na Cm 
sin 2n0 = 2211 sin 6 cos 6 TT ( cos? 0 —cos? x) i 
rel 
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Hence show that 
n-] 
IT sink 25 Z vna. [Madras, 1938] 
rel 


8. If n be even, prove that 
2m Cno Oar n a=) 
(1—1)/2 pons = —— T= : 
(i) 2 sin — oF sin gj 5I z- sin og 7 Vn 


[Cal., 1943] 

ái à dock s Sar n—l 
(#-1//2 sin Z SAN 

(ii) 2 sing” sin gy sin 9p Sin t=]. 


2n 


[Patna, 1935] 
ves 7 3T 3r n-1l 
(Ca PING n sf — TS 
(iii) 2 cos 7, COS. COS 9p 0 g l. 


(iv) tan y tan ( $47) tan ( 4447) ... to n factors 


LÉ(—1), [Cal., 1938] 
9. Show that 
2n-U? sin T sin 27 37 ..sin STA zl [Annam. 47] 
a 4n" 4n 2 


10. Show that 


i 

T Qa n—l Na 

27-1 cos—= cos —... cos —— 7 —0, l or—1, id 
n n n 


according as n is even or of the form 4p-++1 or 4p—1. 


12. Ifnbe odd, prove that 


| 
[Galcutta, 1940] la 
ll. Prove that | | 
sin - sin m. sin ma [Cal., 1946] | i 
: | 
[This is result (i) of solved Ex. 4.] | | 


(i) 2-2/2 sin e cm „si 


n—2 
(ii) 2119/2 cos a GE COS—— TY hn. 


2n" 2n 


i | 
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(i) tan nO — (—1) (77? tan tan( 647 ) e 


n—l 
tan (6+ Tr). 
1 m 7 
| (iv) tan Ttan Za ean Ma Dn n: [Bom., 1931] 
n n n 


13. Prove that 
(UI RE (ER =A (atan? 2) (s itan? 2) Co 


7 
2x n n 


AI uU 
xp tan” = J, 


where r=}(n—1) or 3n—1, and A is 1 or n, according as n is 
odd or even. [Bombay, 1947] 


14. If 4,4545...4m be a regular polygon of 7 sides 
inscribed in a circle of radius a and P any point in the plane 
of the circle at a distance x from O, the centre of the circle, 


show that 
| PAS? . PAS . PAS. PAS =x2" —2xMa” cos NO HIYA 
where / POA; —0. [ Delhi, 195 1] 


Discuss the cases when 0— 0, or z[n, and x —a. 


15. A regular polygon 4j454,...Aym has-2m sides. Show 
that the product of the perpendiculars from the centre of the 
circumscribed circle on the sides 4,4», Arda, A144,-.-:414m 
is (Ja) /m, where a is the circum-radius. [Andhra, 1940] 

16. If Di, Ds, Ds ..., Dn be the distances of the vertices of 
a regular polygon of z sides from any point P in its plane; 
prove that 

1 n rin —q?n 


| 
| 
| 
T NM NG en. x 
E DARL) Ur TET TEE ler 2 Cat GS n0 --ain? 
1 


where a is the radius of the circumcircle of the polygon, 
7 the distance of P from its centre O, and 9 the angle that 
OP makes with the radius to any angular point of the 
polygon. [Annam., 1951] 
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INFINITE PRODUCTS 


10-5. To exp 
duct. We have 
sin 0 —2 sin (10) cos (40) 
—2 sin (10) sin 3(7-+6). (1) 


Replacing 6 in (1) successively by 10 and 4(6 +r) 
we have 


ress sin 0 as an infinite pro- 


sin 30 = 2 sin (6/22) sin {(27+0)/23 

and sin 4(m+0) =2 sin t7 4-0)/22) sin (37--0)/2. 

Substituting these values in the right-hand side 
of (1), we get after rearranging 
sin 0— 2? sin (6/22) sin {(7-16)/2?} sin (22-8) 

sin ((3z--0)/93). 

Continuing the above process successively, we get 

sin 0 —2" sin (0/93) sin {(7+-6)/23}.... sin {(77-++6)/23} 


eS 


— 97 sin (8/5) sin ((7-4-8)/0)...sin[((5— a+ Gig) 


where f is a power of 2. 
The last factor on the right-hand side of (2) 


= Sin pate =sin (=°) =sin T 


The last but one factor 


p— 277—| Im 
“sin a Hd sin In “| “sin 7 a 
and so on. 


Hence taking together the second and the last 


factors, the third and the last but one, and so on, 
(2) becomes 
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172 FACTORIZATION. INFINITE PRODUCTS 
até. 7-9 
sin 9-24 sin (8/5) sin" o Ps 
r0. 27-0 
x [sin 27^ sin m m 
. (X5— ly --6 ,. 15—1)r—0) . $p7+0 
x [sin 2f = sin 2 Dr ; sin aS 


=9P1 sin (0[p) | sin? Dm TA | 2 Um sn) s 


x | sin? Gee sin? ;| COS F, (3) 


Now divide both sides of (3) by sin (8/p) and 
make 0 tend to zero. Then since 


En lim, „osin? (0p) =0 and 


0 
ng sin 6);  9jp 
limo. so sin Op) sin NG Ip) =lim 0p g Nain m b 
we have 
| | p=% sin? 3 sin? a sin? T sin? eue Do: (4) 
Dividing (3) by (4), we have 
oj, sin*(0/p)][ Jo sin? (olp) | 
AL sin? e i sin? BU 
| sin? (8/p) | 
sin? {(p/2—1) |p} 
Now make f tend to infinity. Then since 


limy +0 (2 sin a =lim,>. (= T) 0-0, 


sin 9-p sing COS 
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sin? (0] p) S cp ip? II 


pe sin? (mip) = 92/p? sin? (sp) ia] 
62 
and so on; we have 
, 6: 6: 6: 
3 62 2 
aa) = 


10:51. Alternative Method. 
Ifin the result (1) of $ 10:2 we write 2k for n and then 


divide throughout by xk, we get 
k-1 ; 
Kok LAT [Peer Tar 
xk —x7* = (x—x3)II 1x-4x1—2cos — p 
( ) asal k 
Putting x —e8/5, we have 


k-1 
c9 — 786 = (061/k.-9-0Hk) IT eene eeik 9 cos = 


rel 
o B kag 0 TT 
or 2i sin 9--2i sin (0/k) II [9 cos — —2 cos x] 
all k k 
sin 0 ki rm 0 J 
ü ESN = 920-1) a 1 
Tg sin (9/k) 2 TI (sine IE sin? 2k (1) 
Making @ tend to zero, we have 
SN) "d P : 2 
E sin? 5E (2) 


Dividing (1) by (2), we have 
sin 0 Szil sin? GEN 


Esin (0E) gal sin® (7/20 


Now make k tend to infinity. Then 
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in 
sin 9-011 i(i-5 a) 
r21 


10:6. To express cos 0 as an infinite product. 


If in the result (2) of §10°5, we replace 0 by | 
47+0, we get | 
7--20 . 3-20. . (26-17-20 | 

ye og sini 95. | 
The last factor on the right-hand side | 


- sin @E Damage ee LS 


cos 0 — 2? sin 


2p 2p 
sin em 20 | 
; eg ye | 
the last but one factor f 
a =e . 3m— 20. 
—sin 25 — sin 25 ^ | 
and so on. - | 


Now combining together the factors equidistant 
| from the beginning and end, we have 


cos 0= 27-1 sin ais sin ^ =} | 
| o 3m+20 . 37—20, | 
|] X1 SIN — sin —~— 1... 
| { 2p E» j | 
| Cord lging 7. an2 ant 2 39 
| =% fsin gy e E7) sin 7j sin mph (1) 
Making 0 indefinitely small, we have 
: T 3; 
EY? Sia Sp, sin? gg x (2) 


——— HQ 
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Dividing (1) by (2), we have 


_f sin? (20/29) sin? (26/2) 
Cos meer } | 1— sin? (32/25) bes 
Now making p indefinitely large, we get 


cos o= iA 1— d 1 sta | ...ad inf. 


mj $95 Ha 
o 462 
wá i iem e (3) 


N.B. This result can also be deduced from result (3) 
of $ 10:3 by proceeding as in $ 10:51, or from result (5) of 
$ 10:5 by means of the formula 


10:7. Sum of powers of the reciprocals of 
natural numbers. 


We can write 


(1 NG T ga) ad ink ctr? 


Now taking the logarithms of both sides, we have 


4 T“ 
. 2 63 
But 
2 e 1 el e, 
log (1-75) [t9 ata e]. 
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As this equation is true for all values of 6, the 
coefficients of the various powers of 0 on either side 
are equal. Thus 


Til l 
—alptotat~ |== 
W d 23 1 
9 tpat ]-- i9» 
and so on 
] LET o l m? 
Hence pratat lend a= G> 
i we mq 
ppc gates he 2 27 99 
and so on. 
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COROLLARY. Similarly, from the relation 


( HA ] Fn) =cos 6 


= 1 —6?/21 +-64/4) — 
we can easily deduce the results : 


1 l : l : © 1 m? 
IR THAT 
1. des Se S jl ó 


and so on. 


Norte. These results may also be derived from the 


previous results by following the method used in Ex. 5 solved 
below. 


Ex. 1.. Express cosh ô as an infinite product. 
In the expansion of cos 0 replacing 0 by di, we have 


Lee 2 46772 
cos 0: — II l — 2) 
rzi (2r—1)232 
o l1 402 n 
ERIS Bye mes d 


But cos 0i = cosh 9. 
£i ^i ^ 1 Il 482 
Therefore, cosh gee fi t sco 


Norre. Similarly, it can be shown that 


sinh 9-- II nies M za) E 
r21 


Ex.2. Show that 
2.4.6...2n 
XXE aan Vina), 
1.3.5...(2n—1) 
when z is large. [ Zrazancore, 51] 
When n is large, we can write 


sin e-o(i- Sy Ta) A approx. 


13 T 
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whence, putting @=47, we get 


(i-a -5) ka (1 m) 


315 (25-1 
4167 Qn)? | 
71335 (2»—1)(2n--1) 

=D MY TAE 2n . 2n 
Pale 32, = Jute (2n-+1) | 
g^ Que ...(2n)? | 


m son 
os Onl) = pw Lyr 


4.6... 
D Therefore Vin} = 3:5 TY 


; or, since n is large, | 
2.4.6...2n 
NG) Team 


FN 


Note. This is known as Wallis’ formula. 
Ex.3. Show that | 


din atari (i 249) ut {'-z aL Fal te cul 
rol 4r-F-1 


[Annam., 1939] 
We have 


sin 70 +-cos 7 —4/2 sin ($r +70) 
| 2/2 sin J«(1 +40). 
2 ml +40 
-(/2)sQ +48) Ir [1 ee. ENS 
r=1 T^T 
Putting 0—0, we have 


2 1 
Er lays] To 
iram as @) 
Dividing (1) by (2), we inally get | 


sin 10-4-cos 76 — (1 +40) I n [O 
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= (04-46) a [SS SEES 


i fa O rot} 40 ) 
=(1+46) m 1 ues] istnd o 
Ex.4. Prove Ai | 


I 


tanx— en 3 [ Delhi, 1933] 


T o 4x? 
Since COS X i — EN 


therefore, on taking the logarithms of both sides, we get 


4x? 
log cos x — p 3 og [1— CE m peu 


Differentiating a sides of this with respect to x, we 
finally get 


E 8x E 1 
tens- 7 aa Or) 


Ex.5. Ifa, b, c,...denote all the prime numbers 2, 3, 5, ... 
prove that 


(eee) 


We know from 5 10:7 that 


m? ] l 1 
Guitatetgt-- (1) 
Nag oi, tt 
p mc TA 9 
92° 6 gat at gat (2) fi 
Therefore, subtracting (2) from (1), we have | 
my, 1l loa | 
s =z) -bb ages (3) 
where terms of the type 1/(2r)? are missing. _ e ELE PS 
a Se ai a | 
£ f N ' | 
a UR 


" 4 aj $ 
AS a i ; 
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180 FACTORIZATION. INFINITE PRODUCTS. 

; Multiplying each side of (3) by 1/32 

i m? Ian ad SAGA ; 
AN gaat Ra NG) 

Therefore, subtracting (4) from (3), we have 


ay, Si 1 id 
Fa = Np Nail ess 
(i a( ») anag rani rana 


where terms of the type (1/37)? also are absent. 
Proceeding in this way, we finally get 


| 
| 


2 


m? ] l l | 
L1 y -&)- EM .: AB) | 
where in the brackets on the left the denominators 2, 3, 5, ... 


are all the prime numbers. | 
Similarly, from 


we get 


sr) -3) 073) 3o | 
: | 


Hence, dividing (6) by (5), we obtain 


| toes (o sot) -i 
o (epe 


or, in the terminology of the question, 

| IM. ES, 15 
| : A JN z) OEN 

P ( tA te lala 7 


j EXAMPLES — 
l. i an 


s : 
(i) ES tga „ad inf. =7°/]2. [Gal., 51] | 


^ 1 h 1 : 2 
(ii) NG ur ER inf. s1412. 
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Gy) lg 3} t 3. i} #573 4, ril 


2. Prove that the sum of the products taken two at a 
time of the squares of the reciprocals of 


(i) all positive integers is 71/120, 
(ii) all positive odd integers is 71/384. [ Utkal, 1954] 
3. Show that 


ka T 
G arem oo 
SEIS ril 
(ii) 2 ENSE ED 210 


4. Show that 
; [Cal., °50] 


5. Prove that 
@ " 99. 36 144 394 576 
35'143'323' 575" 
4.36.100.196 . 324... 
(i) 4/2 — 5735. 99.195. 323 .. 
as V3. 8.80.224.440... 
(i) "5-— 9781. 225.441. 
6. Deduce the expression for sin x in factors from that 
for cos x. 
7. Prove that 


(lsin x) - d 23)? NG 3 
| eo; 


8. Prove that : 
cos 
cos ($r sin 0) =47 cos? a(145 an) (ee aie 


(v 12 x)? 
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i 9. Prove that COS x --sin X ; 
| 44x fı (m 4-4)? je 
| ELINE TES H 8e? JU 
10. Show that 
cos a.-]-tan x sin a=(I+ 2 (= 2g —) 


m —2x T +2x 


2a 2a | 
a ¢ tee Rue : | 
Hence, or otherwise, prove that 
2 2 2 2 | 
OE De GER Pe d Se | 


| 
| 


| 
| 


28x3 Wwe [Cal., 1931] 


11. Prove that 


cos a—cot x sin a=(1 AY! HA ——) 


x(1 t7 AI! SA 


Hence, or otherwise, show that 


il IS A 1 i 

| (i Pee = i 

| M cU EE DESTINO EIE: as | 

lc | 
cS ory E 

| EE a [caan e| 


12. Show that : 
i sin x-}cos x = ( Ai YA 


i 


5a Ta 
and hence deduce that 


T 
1 -5 ta et = 35.  [Nagpur, 1940] 
13. Show that 


@ zal -iHi 
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Gi) Pyar Hs —- 
[Gal., 1935] 


| 
14. Using the relation cosec 0-3(tan 2 cot 5) | 
prove that Ü | 
le! 1 l 1 La 
COS6 CO e Em NG =O CEO " 
1 1 B. 
Bg ru NE 
1 = (—1) 
SSLN 22) E 
5 +20 TES [Cal., 1948] 
15. Prove that 
1 1 3 5 
HA Fae Suaoqui c 
: [Cal., 1936] 
16. Prove that 
] z 1 
zs : z ; 
ma ORE [Annam., 1943] 


17. Show that | 
1 1 i 1 4 1 
4cos0 (7-20)? ` («--20)* (32 —20)* 


l 
1 ————— 
TG ga 
18. Prove that 
si 9) 0 
Saem m(t) 
sin a ara 
where r is any positive or negative integer, including zero. [ 
[Bombay, 1947] | 
19. Prove that t 
cos Ü—cos a g 
CI Se T. II 1 TENER Ec d, 
1—cos a (ara)? 
where r is any even positive or negative integer, including 
zero. Hence deduce the factors of cosh x—cos a. 
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20. Show that 


sin a—sin x x x 
sina =(1-2)1+)i-) 
y x x 
x(! ia) x 
21. Find the value of the infinite product 
7 l 1 1 : 
(1 +j2)(1+5)(1 t) . [Delhi, 1931] 
22. Prove that 
et] 2 4 sin? 0 
cosh (cos 0) = DP ati -a pra} 
[Annam., 1947] 


23. Prove that 
cosh 0-|-cos a =2 cos? bnc jr 
ey, 


where r is any odd positive or negative integer. [ Delhi, 1950] 
24. Establish the equality 
rp. 2272] T 
Jp = 
a SII cosech 5. [Cal., 1948] 
25. Prove that 


(+cat at gat j 


m? 
trm 436 X52 m$ 
[.Delhi, 1933] 


26. By writing sin (x-i) as a product or otherwise, 
prove that 


2 xy 


o 
tan (tanh y cot x) = tan?! 2.7 tani —— 3. 
X i nèn —xX2 Ly? 


and hence deduce that 


1 l l 1 
-1 z aAA pil 
tan at tan at tan 9,2 + tan 16 +... 
=47—tan7! ( tanh a cot s) 
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27. Show that 
sing | A & 1j 82(02 —7? 
0 Pe Pim ka 
ALE §2(f2—7?) (627 — ) 
nô ` I 227 5 BH 


[Cal., 1933] 
28. Show that 


0? " 0? 62 
cos ($76) -1—&— (1—0) (168) ( 1-5 Jos o 
and deduce that 

il IM a 
stor «(m O = 384° 
29. If2, 3, 5, ... are all prime numbers, show that 

] 1 1 6 GV 
e -a)( 1-3)! SA [Delhi, 1953] 


30. If 2, 3, 5, ... are all prime numbers, show that 
94 34 54 4 1 N 


T 


da] 38T] 5A "105 


E 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


MISCELLANEOUS EXAMPLES 
1. Show.that 
3 2x a 1—x? 2x 2 
tan (isi: iyan cos * Ee EET [ Gauhati, *51] 
2. Prove that 
tan (tan 1 x- tan? y--tan 12) = cot (cot4x-+cot y--cot-1z). 


[ Nagpur, *35] 
3. Show that 


=; a(b—c) -1 2(6=a) | = e(a—b) 
tan 1 +a?bc rian 1 +b%ca n 1 --c?ba zs 
n being an integer or zero. [Andhra, 1936] 


4. Prove that : 
sin“ x-F-sin1 y=sin™ (x4/1—y? +-y4/1 —2?). 
Explain the fallacy in the following : 
Putting x =y=,/3/2 in the above formula, we get 
7/3 +r/3 =sin/3/2 = 7/3. 
120°=60°. 
5. Ifa and b be two complex numbers, show that the 


modulus of a—b is the distance between the points which 
represent a and b in the complex plane. [ Travancore, '47] 


6. Ifz, 25,24 are the vertices of an equilateral triangle 
drawn in the Argand diagram, prove that 

A^ Eas bey" — totg bogey +2120. [L.G.S., 1943] 

7. Prove that if the amplitude of (z, —5) (z.—z,)/ 

(2,44) (22-23) is zero, the four points representing 21, Z2, £g; 


£4 in the Argand diagram lie on a circle or a straight line. 


[Panjab, 1945] 
8. Show that 
{cos 0 -cos à +7(sin 9-Esin 9))^-I- (cos 6-+-cos $ —i(sin 0-I-sin 9))^ 
= 2n*!(cos 3(0—4))^ . cos 1n(8 1-2). 
[Calcuita, 1949] 
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9. Express (2--34/(—1))" in the form A+7B. 
10. Ifx=cos +i sin 0, prove that 
l 1 1 : 20/2 
Os ORE Foes inf. =[(cos 6-+cos? 0)!/2—cos 0] 
-Fi[(cos 0—cos? 0)! —sin 6]. 
[Lucknow, '65] 
1l. Prove that the roots of the equation 


x19--11435—1 —0 
are the values of 
$(y/5—1) (cos 277i sin £r). 
12. Find the complex numbers z which satisfy the equa- 


tion (z4-1)5 = (z—1)5, 

and show that when they are marked in the complex plane 

they lie on a straight line. [Travancore, '47] 
13. Solve - (cot 0--2)5 -- (cot 0—7)5 — 0, 

and hence find the value of cot 7/10. [ Travancore, °42] 


14. Ifa, B be the roots of t°—2t+2 =0, show that 
(x-ra)"—(r-B)^ sinag 
a—p - sinag” 
where $ — cot"! (x-H1). [Lucknow, *58] 
15. If w be a complex cube root of unity, prove that 
1 Hw” -w?n 
is equal to 3 or 0, according as n is or is not a multiple of 3. 
16. By putting a=cis 2a, b=cis 28 and c=cis 2y, in the 
identity 
` a(b—c) +-b(c—a) 4-c(a—b) =0 
prove that 
X cos (2a+f-+y) sin (B—y)=0. [| Travancore, *47] 
17. If the product P of the n binomials cos ayti sin ay, 


“COS a Fi sin ag, ... COS an +i Sin a, be an imaginary cube root 
of unity, prove that 


3 (ay ag H- On) [2r 
must be an integer of the form 3k+1, or 3k--2, k being an 
integer, positive or negative. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


So Gus naaa S 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


188 f MISCELLANEOUS EXAMPLES: 
18. From the identity 
xml ym 
x—J 


deduce the sum of all the values of'cos (ra--s8) where r and s 
taxe all possible integral values including zero such that 


—am LAMA yt xm-2 y2 1 tym 


r+s=m. [ Banaras, 1936] 
19. Show that 2 cos is a root of 
x8+x2—2x—l1=0. , [ Travancore, '44] 
20. Show that sin a, sin = , sin Taro the roots of the 
equation 
at a a EN: [ Delhi, 1948] 


21. Show that sin z is a root of the equation 


64x$ —80x1 9432 —] — 0. [Lucknow, *56] 
i 2 zh Qa 67 18z 
22. If a = cos 15 + cos Ng -Fcos BER 
Sud [285 107 147 22m 


Em cms — 
Ng SES Ey ees Tee 


show; hat they are the roots of 
4x? -2x —3 2 0. 


Evaluate a, £. [ Travancore, 1947] 


23. Given that V= 4S +4 sin 20-+sin 36 pln a 
tends to a finite limit, when the angle ô tends to zero, deter- 
mine the constants a and 5, and the consequent value of V. 


[Andhra, 1937] 


3sin@ .. 
24. Show that Tes o differs from @ by 65/180, where 9 


is small, positive and in radians. [ Travancore, 1947] 
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25. If x cotx ay +ayx® aant +... LAAL. 
shew that 


_ »n-a2 un (—1)* Fg. Goby 
Ck a SR +.. a EST Gal Qu 


Also show that the ma four terms in the expansion of 
x cotx in ascending powers of x are 


26. Prove that there are five values of 6 not differing from 
one another by a multiple of m which satisfy the equation 


a tan 30-5 tan 20+c tan 6=d, 
and if these be a, B, y, 8, e, show that 
&.--B --y 4-8 --e- mr--tan^ 
27. Show that 
a sin £—f sina 
a cos B —p cos a 


d 
GEI [ Nagpur, 1931] 


liMg sa -tan(a- tan ta).  [Travancore, '51] 


28. Ifx=log tan (2-45 ) prove that 
J= —ilog tan (1a -2-3xi). 
29. If yatad inf _ (cos 8 --i sin 6), show that the 
general value of x is 
r(cos ġ -+i sin ¢) 
where a log r= (2mm +8) sin 0--log a . cos @ 
ad = (2nm +0) cos 0—log a . sin 0. 
30.. Express 4 sinh 2x sinh 4x sinh 6x as a sum. 
31. If (1-Fe cosh 0)(1 —e cosh $) = 1—e?, show that 


tanh $0 _ G) 


tanhdó  NAl—e/ 
32. Show that 
tan90-Ftanh2$ , ^ ., tan Ó—tanh @ 
tani D] Id 1 0-4 h 8 
tan 20 —tanh 26 tan 0--tanh 


=tan™ (cot 0 coth 9). 
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33. Ifsin (9--ip) =cosa-+isin a, prove that 
cos? 0 = -Esin a. 
34. Ifsin (9-16) =A (cos a+isin a), show that 
(i) 242—cosh 2$ —cos 20, . 
(ii) tanh $ —tan a tan 6. 
35. Ifcosh g=sec f, prove that 
£i? —sech.q +i tanh q. 
36. Iflog log log (xJ-iy) =% 4-iq, show that 
(i) exp (e? cos q) cos (e? sin q) =4 log (4717). 
(ii) exp (e? cos q) sin (e? sin q) = tan™ ( y[z). 
97. Ifu--iv=cosec (x J-iy), show that 
u? v? 


(202)? = —.— — 


sin?x  cos?x" 


[Lucknow, '65] 


38. If X--if —cosh"! (x44), prove that X —const. and 
Y=const. represent a family of ellipses and hyperbolas 
respectively. H. C. S., 1931] 


39. Ifcosh u=sec 9, show that 
sinh u —tan 6, tanh u-sin 9, D 
tan? 10 = tanh? lu and u=loge tan (4r +40). 
40. Show that, if a, B, y are the cube roots of unity, 
tanta , tan! eu T ! 
BE e Ma 
530-115-1535) 


41. From the expansion of sin? 0 in terms of sines of 
multiples of 0, deduce that 


—1 
m ) 4)» Heto TE terms 20, 


where n and f are odd positive integers and pan. 
Find the value of the series when p =n. 


no (2-2)? + 


[ Utkal, 1954] 
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42. Prove that the determinant of the nth order 


2 cos0 -] 0 à 0 0 | 
l Pe =i . @ 0 | 
| 0 —] 2cosÓ0 . 0 0 
| 0 0 0 : zum 2 cos 6 


is equal to 


sin ze n--1)0 
ind 


cos 9--x : o : 
43. Bxpand esp ICD in a series af ascending 


powers of x, when |x| is less than unity. 
44. Iftan (0-8) cos 2a —tan 4, prove that 
0 —tan*osin 26 -+ 3tan* a sin 4$ +4 tan? asin 6¢-+... 
45. Ifthe roots of the equation ax*--bx c — 0 be i ima- 


ginary, show that the coefficient of x” in the development of 
(ax? --bx +c)! in powers of x is 


a™? sin (n--1)0—c9/2*sin 9, 
| where @ is given by b sec 0--24/ (ac) = 0. [ Utkal, 1950] 
| 46. Prove that, if p< 1, the infinite series 


1 np cos pee is) £? cos naga MEE DG £3 cos 36+... 


=q” cos ng, 
| where 1/g?=1—2p cos 0--£? and sin $ — fq sin 0. 

[Rangoon, 1938] 
| 47. Ifnis odd, prove pa pa where 


| a (n—l)a 
| =a Ta tsect Mt 
| S sec? oo sec? Y Sec xiu 
| 7 7 ə n—1l 
| and C-cosec? ee E L...-Ecosec? umi A 
| [ Zravancore, 1951] 
| 48. Show that 
in (22-1); 
à 1 +2 cos 2x--2 cos 4x +... +2 cos Dee email 


sin x 
[Annam., 1936] 
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49. Prove that 


7? cosh 2a , r*cosh 4a , | 1?" cosh 2na , 
cosh x cosh y — 1 4 SIT A Al rec on [ee 


r 


where tanh a= [x and r? zx?—5*. 
50. Prove that the sum of the infinite series 
ns cos 80 , cos 190 
io HU PIE 
is {cos (cos 0) aa (sin 6) --cos (sin 8) cosh (cos 0). 
51. Sum to infinity 
5 cos | 7cos 30 , 9 cos 50 
L-— rS SEI 
59. Ifs, denotes the sum of n terms of the series 


1 +2 cos 0-12 cos 20-2 cos 390+... , 


+... [Banaras, *51] 


show that 
53 4259... HSn = sin? Ind cosec? 10. 
[ Lucknow, 1954] 


53. Show that the sum of the series 
cos a.-I-x cos (2-18) +? cos (a --28) +...to n terms, 


where nf =27 and x is any one of the nth roots of unity, vanishes 
with two exceptions; and find the sum in these two cases. 


[ Utkal, 1951] 
54. Find the sum of (n-I-1) terms of the series 


ue ) x? cos (0—24) +... . 


sin (2n-4-1)0 sin?^1; 


2n--l 


cos 0--nx cos (0—4) + 


55. Ifuc X (1) 
71-0 


show that . 
sin 0 = 1(cosec a-+sin a) tanh 2u. 
56. Prove that 


Ty sin? 0 sin? 0 
ER 2n0=( ! all l "uen : 
What is the last factor in this product ? 
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Deduce, or otherwise prove, that 


/ 02 ( 0? 0: 
s 40 =| 1 —-,}| 1—4—Wl-u— ).... 
cos $0 ( <) pal zu) 


57. Show that 


na 4p 
2 cot? punt MIR 
r-0 4n 


58. Prove that, when z is even, 


n/2-1 our tl 
cos n8=cos” 0 II n —tan? 6/tan? us “|, 
neo 2n 


and deduce the infinite product formula for cos 0. 


59. Show that the value of the infinite product 


( 1 tan?) 1 uz 1 tant 9)... 
is 0|tan 0. [ Nagpur, 1940] 


60. Assuming the formula for sin 0 asan infinite product, 
prove that : 


( +7)(1—3)(14+5) 5) Tee vs S. 


where the signs alternate in the factors, and the denominators 
are odd integers not divisible by 3 in ascending order. 


Hence sum the infinite series 


ENS o 2 
get m»-Istjge ps Tos 33 7 


[Bombay, 1947] 


61. Prove that 


o jl eT eT 
II (1 -=) =— [ Travancore, 1942] 
n=2 n Sa 
62. Prove that the sum of the squares of the reciprocals 
of all numbers which are not divisible by the square of any 
prime number is 15/z?. . [Banaras, 1935] 
I4 'T 
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63. Prove that 


(i) Lise (1422) (1-3) (42)... 


mE HI. 14x 3—x SH 7—x 
Up PETITE db Jar geex 
Ss Show te the sum of the zr series 


TE tsp ae lae 
is (m]4x) tanh (7/2). [Banaras, 1947] 
65. Sum the series 


sin a-kx sin (a--f) +x? sin (a +26) +...to n terms. 
[Lucknow, '67] 


(ii) tan 
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Paces 7-10 
9. x--l//2. 10. x=—461/9. 14. x=2. 
12. 1. 13. 1/2257. 16. ~=0, +1/2. 


| 17. x-(a—b)|(l--ab). 18. x=+1 or +(1 442). 
| 19. x-1. 
| 21. x-—cos[((a-F5)z|2 — (a —8))/2a], 
| J.— cos [((a +8) —(a—5)«|2)/25]. 

25. tan@=0,+1,—2. 26. x-1,5-2;x-22,y»-7. 
| 27. na+(—1)™*". 7/6. [The particular value is (—1)9 . 77/6.] 

Paces 20-22 
: 2. ()9& Gd 12-02; Gu) Qv) —L 
(v) (Bab(a?--b? )/ (a? --02)2y2. 

| 3. (i) 1: 7/3 (ii) 2 cos SU 0/2, (iii) 2 sin (8/2); (7—0)/2. 
| (iv) 2; —m|4. (v) 13; 9, such that cos 0 — —5/13 and 


| sinĝ= — 12/13. (vi) ies 9, such that cos §=2/,/13 and 
; sin 9 — —3/[4/13. 


| 9. If ABC be the triangle whose vertices A,B,C are 
| represented by the complex numbers z4, 22, 23, then mod 
| ((22--27)/(23--21)) denotes the ratio AB/AC and arg ((zs —23)/ 
| (25 —23)) denotes the angle BAC. 

| Paces 28-30 

1. cos20-+isin 20. 2. cos 70-Lisin 79. 

3. cos130—i sin 130. 

4. —l-Hi4/2[cos (37/4) Hi sin (377/4)]. 

8. x?--2x cos n0 1-0. 

^ PAGES 34-35 


1. (i) 1, —43(1—2/3), —4(1 4/3). 
| (i) —1, 3(1 +273), $(1 —iv3). 
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2. (i) 2!14(cos 4 (2nz 4-74) +i sin A1(2nz---|4)) where n= 
0, 1, 2,3, 4 5,6. (ii) 3/2 (2-34/3 +21), —V 2.1. | 
(iii) 3/2 {cos (2/18) +i sin (n7/1 8)}, where n=1, 13, 25. | 
(iv) 22/1? [cos ((8n--3)7/24j +i sin {(8n+3)7/24}], where 
n=0, 1, 2, 3, 4, 5. 
3.. cos(5z/12) Hi sin (57/12); (cos (rm/48) +i sin (rz/48)], 
where 7=5, 29. 
4. x=1, cos (ra|7) Ei sin (r7/7), where r=2, 4, 6. 
5. x—]1,—1, —1, +i, cos (7/5) ki sin (7/5), cos (37/5) Hi sin 
(37/5). 
6. 1. 7. —9i, (4v3 +i). 
8.  {2sin(¢/2)}1/. [cos((4uz 4-7 —9)/6) —isin{ (4m 4-0 — 4)/61] 
where 2 — 0, 1, 2. 


9. —?2, (1Łiy/3). 
10. 41, 244, (3i), (1456/9), 1( 13/3), and 
(VBE). 
The common roots are 4$(1 47/3) and $(—1 i43). 
Paces 37-40 

1. x=2,/2{cos (2/4) —i sin (7/4)}, 
y=2 {cos (7/6) —i sin (m[6)) ; 3? = —64; 1. 

6. 2/2[cos{(6n-+1)z/9} —i sin {(6n +1) 7/93], 


where n= 0, 1, 
12. (i) cos (z/5)-Ei sin (7/5), cos (37/5) +i sin (37/5). 
(ii) —1, (1222/3)/2, £(142)//2. 
(iii) cos (2nm/7) Hi sin (22/7), where n— 1, 2, 3, 4, 5, 6. 
13. 2.10V6cos 3 (2nm--0), where n= 0, 1, 2, and tan 9-3. 
14. 1,cos (rz/7) i sin (rm/7), where r— 2, 4, 6. 
15. [(4—5 cos (2nz[5)) —3i sin (2nz/5)]/(5 —4 cos (2n7/5)}, 
where n=0, 1, 2, 3, 
17. (i) x 21^ (cos(nz/12) —isin (n7/1 2)}, wheren=1, 7,13,19, 
(ii) «= (1/2)2/4{cos (nz/24 +i sin (n7/24)}, wheren=1, 13, 
25, 37. 


5 


18. @=2nm/7*. 
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Paces 48-51 


The particular case is q=1. 
0,42, 27, 82,47. 10. 93 —21y?-+35y—7=0. 
32x5 — 1 6x4 —32x3 + 1942? --6x —1— 0; 4; 6. 


xt#—10x9+5=0. 14. 4/7;5 
—3633-L196x?—84x--9 — 0. 21. 0—15 Tr 98d 3s- 


Paces 55-58 


6= 1°58’. 4. 0=1°58. 8. -3' Wa | 
(i) —}. (ii) 24. (iii) In. (iv) — 
(v) 4(m */180)2. (vi) 3. (vii) Ò. (viii) 1. 
(ix) e. (x) 1. (xi) I. (xii) ae 

(xiii) 0. (xiv) —z$. (xv) —3. (xvi — l/a. 

(xvii) 2. (xvii) 1. (xix) exp(—4,*). 

(xx) 0. (xxi) 1. (xxii) e12. 

a=120, b=60,c=180. 12. sinx--xcosx. 

PA o (IYON 3 (8?n (Qn) Lp. 


1 —(3/ 2)62-L(7/8)04 — ma P(- 1) {87 4 BeBe (2n)1-..., 
6 4-(1/3)03 -- (2/15) 85+ -(7]315)8? + 
(i) 1—(1/2)0* -+ 
-E(—1)921 (32031 —3) 02n-?/4 . (2n-- 1) l+... 
(i) 0—(7/6) 03 4- 
-E(—1)9(33wH 4 1) 92n*14 . (2n 1) L-E..- 
Paces 67-68 


(i) e239 [cos (sin 0) --i sin n 6)]. 
(ii) pees: (x8 -Lya) +2 sin (x8 --ya)]- 
-9 
(iii) i^ 


(iv) ta e78) cos 0 --i(c9 —e7€) sin 9]. 
(v) EC His) (66 —e9)10* 32). 
(vi) cos A-pi sin A, where A=4(c?—e78). 
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E £9 —278 ,. ‘ A 
(vii) — gi? (sin $ —i cos 9). 


(viii) (a--ib)/ (e? 2-52), where a=4 (e! +679) cos x and 
b =} (e —e V) sin x. 


X=cP cosq, Y-e? sing, where 
p=(P +92?) Ha) 193 
and q—2ay| (a)? 455). 
Paces 71-72. 
(2n-+1)zi+log 3. 
Man), Ri. 
PAGES 75-76 
(i) @(cosy-Hi sin y), where 
x--—i(4n--l)sB and y-i(4n-LFl)ma. 
(il) cos ($(4n--1)z) —i sin (3(4n--1)7). 
(ili) cos0 --isin 0, where 0=4(4m-++1)7. exp {—} (4n +1)r}- 
e-tan™ 4/9) [cos (log 5) +i sin (log 5)]. 
Paces 78-80 
exp [flog (a sec 4)}*-+¢"]. 
(A+7B)/C, where A=} log (x?-+y*) log (a? 4-8?) 
-F[2mz --tan^* (»/x)][2n7-+-tan™ (£/a)], 
B=4[2mn-+tan™ (]2)] log (a2-+6") 
—4 [2n +tan™ (B[o)] log (x?-41-5?), 
C — [3log (a?--82)]? -- (2m --tan^t (8[a))?. 
PAGES 93-97 
4 log 7. 8b db 
(i) cosh x cos y-Hi sinh x sin y. 
(ii) [sin (2x) —: sinh (27) ]/[cosh (25) —cos (2x)]. 
(iii) [sinh (2x) +i sin (2»]/[cosh (2x) --cos (2y)]. a 
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(iv) 2(cos x cosh y +7 sin x sinh y)/(cos 2x--cosh 2y). 

(v) E10 —cos 2x cosh 2y) -Hi sin 2x sinh 2y]. 

(vi) esin® cosh B . [cos (cos a sinh B) +7 sin (cos a sinh )]. 
log (7/2) +(7/2)i, $ log {4 (cosh 2y +cos 2x) 

Bs —i tan? (tanx tanh y). 
(i) itanhc P/( 1299): G) «(L4 6429). 
u —sin 2x/(cos 2x-|-cosh 2y), 

v —sinh 2y/(cos 2x --cosh 2y)- 
sin! 4/(sin 0) -+i log {v (1 +sin 0) —/(sin 0)). 
Paces 104-105 
-(5)8[sin 78-++sin 56 —3 sin 30-3 sin 6]. 
(3)*[sin 70-3 sin 50+sin 3€ +5 sin 9]. 
—(4)"[cos 80 — 4 cos 69-14 cos 40 --4 cos 20—5]. 
— (3)" [sin 86-+2 sin 60—2 sin 40—6 sin 26]. 
— (3)?! [sin 120—2 sin 100—4 sin 89-10 sin 60 
+5 sin 40--20 sin 26]. 
Paces 117-118 
Other roots are cos (37/7) and cos (57/7). 

(—1) (7711/2 , sin »0)/2?, when n is odd; and 
{(—1)"/2(1 —cos n6))/271, when n is even. 

(—1)(1/2 , nsec nô, when z is odd; and 0, when n is even. 

n? cosec? (n0), when nis odd; and n?/(1—cos n0), when n 

is even. 

n?/{1 —(—1)®/? cos n0), when n is even; and nt sec? n0, 

when n is odd. 

4/2 cos (nm[4). 

4+4(—1)*{1 —2n? cos? 6+ (2/3) n*(n* — 1) cost 94... 
—]1)222n—1 cos?" 0. 

Paces 118-120 

A21,B——1, C=—3, D —8. 

cos 80— 1 —32 cos20-H160 cost0—956 cos 0-128 cos? 0. 

cos? 0 — (3)" [cos 84-8 cos 68-1-28 cos 49 4-56 cos 20-35]. 

nàsin2 0 — (1/3)r? (nà —1) sin 6+... -(—1)"™ 22n-3 sin?” 9. 

n®sec?nO—n, when n isodd; and 12/f(1--(--1)24 cos 16) 

—n, when n is even. 
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12. 0, when n is odd; and n*/2{(—1)*/? cos n0—1)), when À 
n is even. . 
| Paces 125-127 
| NG xx d r? sin nO 


1. rsin@. x--——— x84... + zi tt, 


where 7? = pr and tan 0— aae 


2. @=x cos a—4x? sin 2a—12? cos 3a -+ 1 sin 4a 
RT cos 5a —...ad inf. 


| 8. —2(x cos 0+4x? cos kt cos 30+.. » 


9. cos d--a cos (04-9) +4 Zi cos (64-29) 4 5 ess i 34) 


a ad inf. 
11. 2(xcos0—4 a? cos 30-+4x5 cos 50—...). 
Pace 131 


m 


2; —1; 5. 
6. (n--iym--tan 9-3 tan? 0-5 tanë 0—... . 

Paces 131-133 
cos 9a cos (0-1-9) +a? cos (0-29) +... 
3. 2(sin 0—1 sin 39-1 sin 50—...). 

Paces 138-139 

1. (i) sin {a --3(n—1) (7 -)) -sin {4n(a-+)} :cosec {4(m --8)) 
(ii) 4sin (2n0) . cosec 0. 
(iii) $[n—cos {2a+-(n—1)} . sin np . cosec f]. 
(iv) $(n-F-cos (n+1)0 . sin nd . cosec 6}. 


(v) 4[3 sin ($(n-I-D)a) . sin (na/2) . cosec (a/2). 
—sin {3(n-+1)a/2} . sin (3na[2) . cosec (3a/2)]. 
(vi) $[3n—4 cos (n-+1)a . sin na . cosec a 
+cos 2 (n-|-1)a . sin 2na . cosec 2a]. 

(vii) 3[cos 2(n--1)0 . sin 2n0 . cosec 20-I-n cos 26]. 
3.. sin d(n--1)a . sin $na . cosec $a; 3(n--1). 
6. 3[#-Hsin (nm/2) cos {2a +4 (n—1)r}]. 
7. O. 


Bo 
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Paces 144-146: 


log {2 cos (6/2)}. <- 2, «659 sin (sin a). 

4 sin a[(5 —4 cos a). 

tan?! (x sin 0/(1 +% cos 0)), except when x=1, and 

6 =(2n-+1)n. 

1 log {(1 +2 cos a-x2)/(1—2x cos a.1-x?)). 

(1 —x cos 6)/(1 —2% cos 0x2). 7. cos (6/4)/4/{2 cos (6/2)}- 


a/4,—7/4, or 0, according as cos 0 is positive, negative, 
or zero. 


cos (cos 6) sinh (sin 9). 
sin (7/4-.-a[2)| / (2 sin a), except when a=nz. 
sin {(m—a)/4}//(2 sin da). 
cos (x sin 8) . cosh (x cos 9). 
tan-! {x sin a/(1—x cos a)}. 
gcosa cosg | cos (cosasin B). 15. 1. 
sin (sin 0 cos 9) . exp (cos? 9). 
gin 6 cos 8 | cos (0-L-sin? 0). 
x cos 6/(1 —x cos 0) —log (1--x cos 6). 
$23 log (2+V3) —7}- 
Pacx 147 

sinh 3(n--1)0 . sinh $20 . cosech 40. 
cosh {x-+4(n—1) 5) -sinh $w - cosech 4. 
4n-+4 cosh {2a-+(n-+1)B} sinh n8 cosech B. 
Mexp (2) +exp (7) 
Mexp (s) exp (£79) —1- 

Paces 150-152 _ 


cot (4x) —cot (22 x). -9. cot 4-2? cot (2^ 0). 
cosec a {tan (2-1) a—tan aj. 

tan?! (n+-1)x—tan? x. 5. iv. 

tan? (n[(n--2))- 7. 38? sin (6/3") —sin 9}. 
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8. tcosec 29. {sec 3(2n+1)6—sec-$9}. 

9. 4/3" tan (3% 0) —tan 9]. | 
10. tana. 11. cot! ($a)—cot" (3(n--1)a). 
12. den 13. cot! (1/2). 

14. (1/2"-9) tan (279) —2 tana. 15. cosec? 0 —2" cosec? (2% 0). | 
16. $sin6(cot (6/2"-1) —cot (0/2)). | 
Paces 154-155 | 

2. sin^! {4/2 sin (0/2)); sin”? (4/2 cos (6/2)}. 

Paces 155-158 1 

1. $sind(2ma-F(n--1)B) . sin 4n(2a.--8) . cosec $( 2a +8) 

-5 sin ${2na—(n-+1)f} . sin $n (2a--P) . cosec $ (2a-P). 

2. 1—(1—cos 0) log (2 sin (30)) —4 (a —6) sin 6, 
unless 0 is a multiple of 22, when the sum is 1. a 

3. 4[sin Ind. (2 sin 3(n--3)0--sin 1(n —1)0) cosec 10 

—sin $(3n-I-5) 0 . sin $16 . cosec 36]. 

5. (l/m) (2 sin (30)) sin (4m(z —0)) . 


6. (i) Flog (1 +2c sin a+c)/(1 —2c sin a.--c?)). 
(11) $[(cosh (cos a) sin (sin a) +-cos (cos a) sinh (sin a)]. 
7. cotB {tan (a-I-nB) —tan a}—n. 
3. iko sin 20 sd sin 20 
"o 32nsin(8[v1? OS 79g - 
9. 0. 10. 4(cot 0—3" cot 3n 0). 11. 3n. 


12. cosec (9-47) . (tan (0-4-1) (0 +47) —tan (0 +4r)}. 
13. exp (495? cos (sin 0)} . cos (ec09? sin (sin 8). 
14. 4/2.sin 3(m-E(n-E1)x) . sin tnx. cosec $w. 
15. tan (2% 0) —tan 6. 
16. (i) cos fa --3(n—1 7)) sin In T). HB-Er). 

d Em {a KG n 1nB bea ag Paro 
17. (1/32) [2n-I-cos (n-+1)x . sin nx . cosec x 

—2 cos 2(n--1)x . sin 2nx . cosec 2x 
—cos 3(n-+-1)x . sin 3nx . cosec 3x]. 

18. cot-!(29*1-.-2-2); cot (2). 


19. 4 log {sin $(a +8) . cosec 3 (a—8)}, except when a+-fis a 
multiple of 27. 3 à Ng ) 
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20. 47or 0 according as 0» or« p. 

21. Ó-Lsin ð cos 0. | 
22. isin20--(—1)"*!sin 22420. | 
23. cos (cos 8) . cosh (sin 9). 24. 3log (cosec x). | 
25. (3)?! tan 3” 0 tan 0}. 26. ljr. | 
30. 204,.cos (10—|2n) . cosec (7/2). 


Paces 168-170 
2. (x—1) (04-1) (241) G2 2x1) (24/201). 
3. (771) HT (x? —25 cos {(2r+1)q/7} +1]. 


| 4. TT [x2—2x cos {(2r-+1)x/12} 4-1]. 


e pomii WE Ta a 
an (je) sim TOSS (STILT Tala GIS 
Pacers 186-194 
10. 6554-74449; or r? (cos 70--isin 70), where r=4/(13), 
j cos 0 —2[4/(13), and sin 0 —3/4/(13). 
» 12. 4(1—2){cot(na/5)—1}. 13. 0— (2na --x)/10; cot (i 10) = 
Al (5--24/5). 
22. a=(4/13—1)/4; B= —(/13-F-1)/4. 
239 eG, 4, eT 
30. sinh 12x—sinh 8x—sinh 4x. 41. 2^-! (nl). 
43. cosÓ-|-x cos 20-Hx? cos 30 4-.... 
51. 4sinh (cos 6) cos (sin 0) +cos 0 cosh (cos 6) cos (sin 0) 
—sin 0 sinh (cos 0) sin (sin 9). 
53. In (cosaFisin a) for the two cases, viz.x=cos (27/2) sin 
(2rjn). 
54. 7 cos (0--nA), where r?— 1 --2x cos p45, 
and tan A=x sin ¢/(1-+ cos 9). 


60. 7/3/54. ; 
è - mcm Rene oe Mm gite s 
Ü B vim 
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